
Construting Parametri Triangular Pathes withBoundary Conditions ?Hui Liu a;�, Caiming Zhang a, Fuhua (Frank) Cheng baDepartment of Computer Siene and Tehnology, Shandong University of Eonomis,Jinan 250014, ChinabDept of Computer Siene, University of Kentuky, Lexington, KY 40506, USAAbstratThe problem of onstruting a parametri triangular path to smoothly onnet three surfae pathesis studied. Usually, these surfae pathes are de�ned on di�erent parameter spaes. Therefore, it isneessary to de�ne interpolation onditions, with values from the given surfae pathes, on the boundaryof the triangular path that an ensure smooth transition between di�erent parameter spaes. In thispaper we present a new method to de�ne boundary onditions. Boundary onditions de�ned by thenew method have the same parameter spae if the three given surfae pathes an be onverted into thesame form through parameter transformation. Consequently, any of the lassi methods for onstrutingfuntional triangular pathes an be used diretly to onstrut a parametri triangular path to onnetgiven surfae pathes with G1 ontinuity. The resulting parametri triangular path preserves preisionof the applied lassi method.Keywords: Triangular path, Parametri interpolation, Determination of interpolation onditions
1 IntrodutionConstrution of surfaes plays an important role in omputer aided geometri design (CAGD),free-form surfae modeling and omputer graphis (CG). To make the proess of onstrutingomplex surfaes simple, pieewise tehniques are frequently used, with four-sided and triangularpathes being the most popular hoies. This paper studies the problem of boundary onditiondetermination in the proess of onstruting parametri triangular pathes to smoothly onnetthree given surfae pathes.A urved triangular path that interpolates the boundary interpolation onditions was �rstproposed by Barnhill, Birkho� and Gordon [1℄. The triangular path is onstruted using theBoolean sum sheme. Gregory [2℄ used the onvex ombination method to onstrut a triangularpath. The triangular path is formed by the onvex ombination of three interpolation operators,?Supported by the National Nature Siene Foundation of China(No. 60573180,60533060)�Corresponding author.Email address: liuh lh�sdie.edu.n (Hui Liu). 1



eah of whih satis�es the interpolation onditions on two sides of a triangle. The idea [2℄was further extended in papers [3, 4℄. Nielson [5℄ presented a side-vertex method to onstruta urved triangular path using ombination of three interpolation operators, eah satisfyingthe given boundary onditions at a vertex and its opposite side. Hagen [6℄ extended Nielson'sapproah to onstrut geometri pathes. These results have been generalized to triangular patheswith �rst and seond order geometri ontinuity [7, 8℄. The problem of onstruting non-four-sided pathes inluding urved triangular pathes was also studied in [9, 10℄. In [11℄ a methodto onstrut a urved triangular path by ombining four interpolation operators: an interiorinterpolation operator and three side-vertex operators [5℄ is presented. The onstruted triangularpath reprodues polynomial surfaes of degree four. Another method proposed reently [12℄onstruts a triangular path by a basi approximation operator and an interpolation operator.The onstruted triangular path satis�es C1 boundary ondition and reprodues polynomialsurfaes of degree �ve.The above methods all work on the assumption that the interpolation onditions on the bound-ary of the triangle are de�ned on the same parameter spae. In pratie, however, this is usuallynot the ase. It is therefore neessary to have a method to determine suitable interpolation ondi-tions so that the methods [1℄-[12℄ an be used diretly to onstrut triangular pathes. In [13℄, amethod is presented to onstrut the ross-boundary onditions. The onstruted ross-boundaryonditions have suitable magnitudes, but not suitable diretions on the boundary of the trian-gle. This paper overomes this problem by presenting a simple but eÆient method to onstrutross-boundary onditions whih have both suitable magnitudes and diretions. The ombinationof the new method and the lassi funtional triangular path onstrution methods [1℄-[12℄ anbe used to onstrut a G1 parametri triangular path to onnet three surfae pathes. The on-struted parametri triangular path has the same interpolation preision as the lassi methods[1℄-[12℄.2 Problem desriptionSuppose P i(si; ti) = (xi(si; ti); yi(si; ti); zi(si; ti)), (0 � si; ti � 1), i = 1; 2; 3; are three givensurfae pathes, de�ned on di�erent siti-parametri planes. The three pathes meet in the wayshown in Figure 1. The goal is to onstrut a triangular path P T (s; t) to onnet the threepathes P i(si; ti), i = 1; 2; 3; with G1 ontinuity. P T (s; t) and P i(si; ti), i = 1; 2; 3; being G1ontinuous means that they have a ommon boundary and the normal vetors of them on theommon boundary have the same diretion.If these three pathes are de�ned on the same parametri st-plane, then the methods for on-struting funtional triangular pathes an be used diretly to onstrut a parametri triangularpath to onnet these pathes with C1 ontinuity. In most appliations of CAGD, CG and relatedareas, however, these three pathes usually are not de�ned on the same parameter spae. In thisase, one needs to de�ne C1 boundary onditions by the three pathes so that the onstrutedparametri triangular path an smoothly onnet these pathes with a "visually pleasing shape"suggested by these three pathes. After the C1 boundary onditions are de�ned, the funtionalmethods of onstruting triangular pathes an be used to onstrut parameter triangular pathdiretly. As P T (s; t) and P i(si; ti), i = 1; 2; 3; are de�ned on di�erent parameter spaes, P T (s; t),satisfying C1 boundary onditions, will onnet these three pathes with G1 ontinuity.2



P 1(s1; t1) P 2(s2; t2)P 3(s3; t3)Fig. 1: Three surfaes meetLet T be an equilateral triangle with verties v1 = (0; 0), v2 = (1; 0) and v3 = (1=2;p3=2)in the st-parametri spae, ei denote the opposite side of vi and �i is the unit outward normalvetor of ei, as shown in Figure 2. Let �1 denote the unit vetor from v2 to v3. �2 and �3 arede�ned similarly. The sides ei, i = 1; 2; 3, an be parameterized as follows:e1(u) = (1� u)v2 + uv3;e2(u) = (1� u)v1 + uv3;e3(u) = (1� u)v1 + uv2; 0 � u � 1 (1)The parametri triangular path P T (s; t) to be onstruted will be de�ned on the equilateraltriangle T , as shown in Figure 2. On the three sides of T , the boundary urve and ross-boundaryslope onditions given by the three surfaes, P i(si; ti), i = 1; 2; 3 are as followsP i(ei(u)); �P i�si (ei(u)); i = 1; 2; 3 (2)where ei(u)'s are de�ned in Eq. (1), P i(ei(u)) and �P i�si (ei(u)) denote the boundary value andthe ross-boundary slope of P i(si; ti) on the side ei, respetively.As the boundary onditions (2) annot be used diretly to onstrut the triangular path onT , we will use them to de�ne the new boundary onditions. Let the new boundary onditions beP T (ei(u)); �P T��i (ei(u)); i = 1; 2; 3: (3)The new boundary onditions (3) should be de�ned in a way so that if the three pathesP i(si; ti),i = 1; 2; 3 are de�ned by the same surfae P (s; t), but with di�erent parameter spaes,then P T (ei(u)), �P T��i (ei(u)), i = 1; 2; 3 on the three sides of T in Figure 2 an be de�ned byP (s; t), i.e., by P T (ei(u)) = P (ei(u));�P T��i (ei(u)) = �P��i (ei(u)); ; i = 1; 2; 3 (4)
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�JJ℄t2s2P 2(s2; t2)

BBN -t3s3 P 3(s3; t3)Fig. 2: Three pathes meet on T .3 Construting the boundary ConditionsWe show how to determine P T (ei(u)), �P T��i (ei(u)), i = 1; 2; 3, in this setion. As P T (s; t) andP i(si; ti) are G1 ontinuous on the ommon boundary, P T (ei(u)), �P T��i (ei(u)), i = 1; 2; 3 an bede�ned by P i(si; ti), i = 1; 2; 3 as follows:P T (ei(u)) = P i(ei(u));�P T��i (ei(u)) = �i(ei(u))�P i�si (ei(u)) + �i(ei(u))�P i�ti (ei(u)) ; i = 1; 2; 3 (5)where �i(ei(u)) and �i(ei(u)) are funtions of u to be onstruted, respetively.For simpliity, we shall show the onstrution proess of �1(e1(u)) and �1(e1(u)) only. The�i(ei(u)) and �i(ei(u)), i = 2; 3 an be onstruted similarly.As �P T��1 (e1(u)) and �P T�t1 (e1(u)) satisfyh�P T��1 (e1(u)) � �P T�t1 (e1(u))i = 0where ha � bi denotes the dot produt of vetors a and b.It follows from (5) that A1�1(e1(u)) +B1�1(e1(u)) = 0 (6)where A1 = h�P 1�s1 (e1(u)) � �P 1�t1 (e1(u))i;B1 = h�P 1�t1 (e1(u)) � �P 1�t1 (e1(u))iThe Eq. (6) gives the funtion relation between �1(e1(u)) and �1(e1(u)). If one of �1(e1(u))and �1(e1(u)) is de�ned, the rest one is de�ned. In the following we show how to onstrut�1(e1(u)) and �1(e1(u)). At point v2, we have�P T��1 (v2) = �1(v2)�P 1�s1 (v2) + �1(v2)�P 1�t1 (v2): (7)4



The angle �1 between vetors �1 and t3 is 30o, thus�P 3�t3 (v2) = p32 �P T��1 (v2)� 12 �P T��1 (v2):From �P T��1 (v2) = �P 1�t1 (v2);we have �P T��1 (v2) = 2p33 �P 3�t3 (v2) + p33 �P 1�t1 (v2): (8)It follows from Eq. (7) and Eq. (8) that �1(v2) and �1(v2) in Eq. (5), denoted �01 and �01 , an bedetermined by the following equations.h�P 1�s1 (v2) � �P 1�s1 (v2)i�01 + h�P 1�t1 (v2) � �P 1�s1 (v2)i�01 = h�P T��1 (v2) � �P 1�s1 (v2)i;h�P 1�s1 (v2) � �P 1�t1 (v2)i�01 + h�P 1�t1 (v2) � �P 1�t1 (v2)i�01 = 0 (9)On the other hand, at v3 we have�P T��1 (v3) = �1(v3)�P 1�s1 (v3) + �1(v3)�P 1�t1 (v3);�P T��1 (v3) = �2p33 �P 2�t2 (v3)� p33 �P 1�t1 (v3): (10)Thus �1(v3) and �1(v3) in Eq. (5), denoted �11 and �11 , an also be determined by the followingequations. h�P 1�s1 (v3) � �P 1�s1 (v3)i�11 + h�P 1�t1 (v3) � �P 1�s1 (v3)i�11 = h�P T��1 (v3) � �P 1�s1 (v3)i;h�P 1�s1 (v3) � �P 1�t1 (v3)i�11 + h�P 1�t1 (v3) � �P 1�t1 (v3)i�11 = 0: (11)Now �1(e1(u)) and �1(e1(u)) an be de�ned by a linear interpolation as follows:�1(e1(u)) = (1� u)�01 + u�11;�1(e1(u)) = (1� u)�01 + u�11 : ; 0 � u � 1 (12)where �i1 and �i1, i = 0; 1 are de�ned by (9) and (11).Based on (6) and (12), there are two ways to de�ne �1(e1(u)) and �1(e1(u)). They are shownbelow: �1(e1(u)) = (1� u)�01 + u�11;�1(e1(u)) = �A1�1(e1(u))=B1: ; 0 � u � 1 (13)�1(e1(u)) = (1� u)�01 + u�11 ;�1(e1(u)) = �B1�1(e1(u))=A1: ; 0 � u � 1 (14)The �nal de�nation of �1(e1(u)) and �1(e1(u)) is formed by the ombination of (13) and (14),i.e., by 5



�1(e1(u)) = (A1�01 �B1�01)(1� u) + (A1�11 � B1�11)u2A1�1(e1(u)) = (B1�01 � A1�01)(1� u) + (B1�11 � A1�11)u2B1 : (15)Similarly, one an de�ne �i(ei(u)) and �i(ei(u)) for i = 2; 3 as follows:�2(e2(u)) = (A2�02 �B2�02)(1� u) + (A2�12 � B2�12)u2A2�2(e2(u)) = (B2�02 � A2�02)(1� u) + (B2�12 � A2�12)u2B2�3(e3(u)) = (A3�03 �B3�03)(1� u) + (A3�13 � B3�13)u2A3�3(e3(u)) = (B3�03 � A3�03)(1� u) + (B3�13 � A3�13)u2B3 : (16)
The above onstrution proess of C1 boundary onditions shows that when the methods foronstruting C1 funtional triangular path are diretly applied to the boundary onditions inEq. (5), a parameter path P T (s; t) is onstruted, whih onnets P i(si; ti), i = 1; 2; 3 with G1ontinuity and smooth shape.4 DisussionIn this setion, we will show that the ross-boundary slopes de�ned by Eqs. (5), (15) and (16) arewell de�ned. To do this, one only needs to prove that if the three surfaes P i(si; ti), i = 1; 2; 3;are de�ned by the same surfae P (s; t) but in di�erent forms, then the new boundary onditionsare de�ned by (4), i.e., by P (s; t). This means that if a method reprodues polynomials ofdegree n when it is used to onstrut funtional triangular pathes, then when it is used withthe boundary onditions (5) to onstrut a parametri triangular path P T (s; t), P T (s; t) willreprodue parametri polynomials of degree n.Theorem 1 If surfae pathes P i(si; ti), i = 1; 2; 3; are de�ned by the same surfae P (s; t), andthe transformations from oordinate system st to oordinate system siti are linear, then there existunique onstants i and di satisfying the following onditions�i = 1=i;�i = �di=i (17)where �i and �i satisfy �i(ei(u)) = �i and �i(ei(u)) = �i, whih means �i(ei(u)) and �i(ei(u))in Eq. (5) are onstants in this ase.Proof Only the ase i = 1 will be onsidered. The other two ases an be handled similarly. LetV be any point in parametri spae, in �1�1 and s1t1 oordinate systems, the oordinates of V be(�1; �1) and (s1; t1), respetively. As the transformation from oordinate system st to oordinatesystem s1t1 is linear, so the relationship between (�1; �1) and (s1; t1) an be written as�1 = 1s1;�1 = d1s1 + t1: (18)6



As P i(s1; t1) is de�ned by P (s; t), it follows from Eq. (18) that P 1(s1; t1) an be expressed asP 1(s1; t1) = P (1s1; d1s1 + t1) = P (�1; �1):Now �P 1(s1; t1)�s1 = 1�P (�1; �1)��1 + d1�P (�1; �1)��1 ;�P 1(s1; t1)�t1 = �P (�1; �1)��1Thus �P (�1; �1)��1 = 11 �P (s1; t1)�s1 � d11 �P (s1; t1)�t1 :�P (�1; �1)��1 = �P (s1; t1)�t1and this ompletes the proof of the theorem.Theorem 1 shows that if surfaes P i(si; ti), i = 1; 2; 3; are de�ned by the same surfae, then�01 and �01 in Eq.(9) and �11 and �11 in Eq. (11) satisfy �01 = �11 and �01 = �11 , so the funtions�i(ei(u)) and �i(ei(u)) in Eq.(5), i = 1; 2; 3; are uniquely determined, i.e., determined by Eq.(40).Consequently, the interpolation onditions are determined uniquely, thus the triangular path tobe onstruted is determined uniquely. Therefore the following theorem follows.Theorem 2 If the method of onstruting funtional triangular path reprodues polynomials ofdegree n, and the method is diretly applied on the interpolation onditions in Eq.(5), then theonstruted parametri triangular path P T (s; t) reprodues parametri polynomials of degree n.5 ExperimentExperiment results presented in this setion are arried out by onstruting a parametri triangu-lar path to onnet three four-sided pathes. The triangular pathes are produed by Nielson'smethod [5℄. In Figures 3 and 4, the triangular path in (a) is produed by diretly applyingNielson's method [5℄ on the boundary urves and ross-boundary slopes de�ned by the three ret-angle pathes. The triangular pathes in (b) and () are produed by using the method presentedin [13℄ and the tehnique presented in this paper, respetively, to rede�ne the ross-boundaryslopes taken from the three given retangular pathes, then applying Nielson's method [5℄ on theboundary urves and the rede�ned ross-boundary slopes. In Figures 3 and 4, some portions ofthe surfaes on the ommon boundary of the triangular path with the three retangular pathesare visually not very smooth. This is the result of Mah band phenomenon. Figures 3 and 4 showthat surfaes in () have less Mah band phenomenon than those of (b).Highlight lines [14℄ have been proved to be e�etive tool in assessing the quality of a surfae. InFigures 5 and 6, the highlight line model is used to ompare the above three methods. The �guresin Figure 5 are highlight lines of the horizontal �llets of the surfaes in Figure 3. The �gures inFigure 6 are highlight lines of the horizontal �llets of the surfaes in Figure 4. The �gures inFigures 5 and 6 show that the new method gets better results than the other two methods.7



(a) (b) ()Fig. 3: Example 1

(a) (b) ()Fig. 4: Example 2
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(a)
(b)
()Fig. 6: Example 46 ConlusionsA new method that uses funtional triangular path onstrution methods to onstrut parametripriangular pathes is presented. The new method improves previous methods in both surfaeshape and surfae quality. This is testi�ed by examining Mah band e�et and highlight linemodels of the resulting surfae pathes. The key in ahieving the improvement is a tehniqueto de�ne the ross-boundary onditions. The resulting ross-boundary onditions have not onlysuitable magnitudes but suitable diretions as well.With the new method, one an diretly apply any of the lassi funtional triangular pathonstrution methods to onstrut a C1 parametri triangular path to smoothly onnet threesurfae pathes. The new method preserves preision of the lassi methods. If the applied lassimethod has a preision of polynomials of degree n, then the onstruted parametri trianglepathes have a preision of parametri polynomials of degree n.Referenes[1℄ R. E. Barnhill, G. Birkho�, and W. J. Gordon, Smooth interpolation in triangles, J. Approx.Theory 8 (1973) 114-128.[2℄ J. A. Gregory, Smooth interpolation without twist onstraints, in: R. E. Barnhill and R. F.Riesenfeld (Eds.), Computer Aided Geometri Design, Aademi Press, New York, 1974, 71-88.[3℄ J. A. Gregory, C1 retangular and non-retangular surfae pathes. in: R. E. Barnhill and W.Boehm (Eds.), Surfaes in Computer Aided Geometri Design, North-Holland, Amsterdam, 1983.9
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