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tThe problem of 
onstru
ting a parametri
 triangular pat
h to smoothly 
onne
t three surfa
e pat
hesis studied. Usually, these surfa
e pat
hes are de�ned on di�erent parameter spa
es. Therefore, it isne
essary to de�ne interpolation 
onditions, with values from the given surfa
e pat
hes, on the boundaryof the triangular pat
h that 
an ensure smooth transition between di�erent parameter spa
es. In thispaper we present a new method to de�ne boundary 
onditions. Boundary 
onditions de�ned by thenew method have the same parameter spa
e if the three given surfa
e pat
hes 
an be 
onverted into thesame form through parameter transformation. Consequently, any of the 
lassi
 methods for 
onstru
tingfun
tional triangular pat
hes 
an be used dire
tly to 
onstru
t a parametri
 triangular pat
h to 
onne
tgiven surfa
e pat
hes with G1 
ontinuity. The resulting parametri
 triangular pat
h preserves pre
isionof the applied 
lassi
 method.Keywords: Triangular pat
h, Parametri
 interpolation, Determination of interpolation 
onditions
1 Introdu
tionConstru
tion of surfa
es plays an important role in 
omputer aided geometri
 design (CAGD),free-form surfa
e modeling and 
omputer graphi
s (CG). To make the pro
ess of 
onstru
ting
omplex surfa
es simple, pie
ewise te
hniques are frequently used, with four-sided and triangularpat
hes being the most popular 
hoi
es. This paper studies the problem of boundary 
onditiondetermination in the pro
ess of 
onstru
ting parametri
 triangular pat
hes to smoothly 
onne
tthree given surfa
e pat
hes.A 
urved triangular pat
h that interpolates the boundary interpolation 
onditions was �rstproposed by Barnhill, Birkho� and Gordon [1℄. The triangular pat
h is 
onstru
ted using theBoolean sum s
heme. Gregory [2℄ used the 
onvex 
ombination method to 
onstru
t a triangularpat
h. The triangular pat
h is formed by the 
onvex 
ombination of three interpolation operators,?Supported by the National Nature S
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ea
h of whi
h satis�es the interpolation 
onditions on two sides of a triangle. The idea [2℄was further extended in papers [3, 4℄. Nielson [5℄ presented a side-vertex method to 
onstru
ta 
urved triangular pat
h using 
ombination of three interpolation operators, ea
h satisfyingthe given boundary 
onditions at a vertex and its opposite side. Hagen [6℄ extended Nielson'sapproa
h to 
onstru
t geometri
 pat
hes. These results have been generalized to triangular pat
heswith �rst and se
ond order geometri
 
ontinuity [7, 8℄. The problem of 
onstru
ting non-four-sided pat
hes in
luding 
urved triangular pat
hes was also studied in [9, 10℄. In [11℄ a methodto 
onstru
t a 
urved triangular pat
h by 
ombining four interpolation operators: an interiorinterpolation operator and three side-vertex operators [5℄ is presented. The 
onstru
ted triangularpat
h reprodu
es polynomial surfa
es of degree four. Another method proposed re
ently [12℄
onstru
ts a triangular pat
h by a basi
 approximation operator and an interpolation operator.The 
onstru
ted triangular pat
h satis�es C1 boundary 
ondition and reprodu
es polynomialsurfa
es of degree �ve.The above methods all work on the assumption that the interpolation 
onditions on the bound-ary of the triangle are de�ned on the same parameter spa
e. In pra
ti
e, however, this is usuallynot the 
ase. It is therefore ne
essary to have a method to determine suitable interpolation 
ondi-tions so that the methods [1℄-[12℄ 
an be used dire
tly to 
onstru
t triangular pat
hes. In [13℄, amethod is presented to 
onstru
t the 
ross-boundary 
onditions. The 
onstru
ted 
ross-boundary
onditions have suitable magnitudes, but not suitable dire
tions on the boundary of the trian-gle. This paper over
omes this problem by presenting a simple but eÆ
ient method to 
onstru
t
ross-boundary 
onditions whi
h have both suitable magnitudes and dire
tions. The 
ombinationof the new method and the 
lassi
 fun
tional triangular pat
h 
onstru
tion methods [1℄-[12℄ 
anbe used to 
onstru
t a G1 parametri
 triangular pat
h to 
onne
t three surfa
e pat
hes. The 
on-stru
ted parametri
 triangular pat
h has the same interpolation pre
ision as the 
lassi
 methods[1℄-[12℄.2 Problem des
riptionSuppose P i(si; ti) = (xi(si; ti); yi(si; ti); zi(si; ti)), (0 � si; ti � 1), i = 1; 2; 3; are three givensurfa
e pat
hes, de�ned on di�erent siti-parametri
 planes. The three pat
hes meet in the wayshown in Figure 1. The goal is to 
onstru
t a triangular pat
h P T (s; t) to 
onne
t the threepat
hes P i(si; ti), i = 1; 2; 3; with G1 
ontinuity. P T (s; t) and P i(si; ti), i = 1; 2; 3; being G1
ontinuous means that they have a 
ommon boundary and the normal ve
tors of them on the
ommon boundary have the same dire
tion.If these three pat
hes are de�ned on the same parametri
 st-plane, then the methods for 
on-stru
ting fun
tional triangular pat
hes 
an be used dire
tly to 
onstru
t a parametri
 triangularpat
h to 
onne
t these pat
hes with C1 
ontinuity. In most appli
ations of CAGD, CG and relatedareas, however, these three pat
hes usually are not de�ned on the same parameter spa
e. In this
ase, one needs to de�ne C1 boundary 
onditions by the three pat
hes so that the 
onstru
tedparametri
 triangular pat
h 
an smoothly 
onne
t these pat
hes with a "visually pleasing shape"suggested by these three pat
hes. After the C1 boundary 
onditions are de�ned, the fun
tionalmethods of 
onstru
ting triangular pat
hes 
an be used to 
onstru
t parameter triangular pat
hdire
tly. As P T (s; t) and P i(si; ti), i = 1; 2; 3; are de�ned on di�erent parameter spa
es, P T (s; t),satisfying C1 boundary 
onditions, will 
onne
t these three pat
hes with G1 
ontinuity.2



P 1(s1; t1) P 2(s2; t2)P 3(s3; t3)Fig. 1: Three surfa
es meetLet T be an equilateral triangle with verti
es v1 = (0; 0), v2 = (1; 0) and v3 = (1=2;p3=2)in the st-parametri
 spa
e, ei denote the opposite side of vi and �i is the unit outward normalve
tor of ei, as shown in Figure 2. Let �1 denote the unit ve
tor from v2 to v3. �2 and �3 arede�ned similarly. The sides ei, i = 1; 2; 3, 
an be parameterized as follows:e1(u) = (1� u)v2 + uv3;e2(u) = (1� u)v1 + uv3;e3(u) = (1� u)v1 + uv2; 0 � u � 1 (1)The parametri
 triangular pat
h P T (s; t) to be 
onstru
ted will be de�ned on the equilateraltriangle T , as shown in Figure 2. On the three sides of T , the boundary 
urve and 
ross-boundaryslope 
onditions given by the three surfa
es, P i(si; ti), i = 1; 2; 3 are as followsP i(ei(u)); �P i�si (ei(u)); i = 1; 2; 3 (2)where ei(u)'s are de�ned in Eq. (1), P i(ei(u)) and �P i�si (ei(u)) denote the boundary value andthe 
ross-boundary slope of P i(si; ti) on the side ei, respe
tively.As the boundary 
onditions (2) 
annot be used dire
tly to 
onstru
t the triangular pat
h onT , we will use them to de�ne the new boundary 
onditions. Let the new boundary 
onditions beP T (ei(u)); �P T��i (ei(u)); i = 1; 2; 3: (3)The new boundary 
onditions (3) should be de�ned in a way so that if the three pat
hesP i(si; ti),i = 1; 2; 3 are de�ned by the same surfa
e P (s; t), but with di�erent parameter spa
es,then P T (ei(u)), �P T��i (ei(u)), i = 1; 2; 3 on the three sides of T in Figure 2 
an be de�ned byP (s; t), i.e., by P T (ei(u)) = P (ei(u));�P T��i (ei(u)) = �P��i (ei(u)); ; i = 1; 2; 3 (4)
3



�1���3QQQk
?

�1�2
�3

JJJ℄


� -
�1

�2 �3 JJJJJJJ
JJJJJ
















-
6

s
t
v1 v2

v3 e1e2
e3 

�JJ℄t1 s1P 1(s1; t1)

�JJ℄t2s2P 2(s2; t2)

BBN -t3s3 P 3(s3; t3)Fig. 2: Three pat
hes meet on T .3 Constru
ting the boundary ConditionsWe show how to determine P T (ei(u)), �P T��i (ei(u)), i = 1; 2; 3, in this se
tion. As P T (s; t) andP i(si; ti) are G1 
ontinuous on the 
ommon boundary, P T (ei(u)), �P T��i (ei(u)), i = 1; 2; 3 
an bede�ned by P i(si; ti), i = 1; 2; 3 as follows:P T (ei(u)) = P i(ei(u));�P T��i (ei(u)) = �i(ei(u))�P i�si (ei(u)) + �i(ei(u))�P i�ti (ei(u)) ; i = 1; 2; 3 (5)where �i(ei(u)) and �i(ei(u)) are fun
tions of u to be 
onstru
ted, respe
tively.For simpli
ity, we shall show the 
onstru
tion pro
ess of �1(e1(u)) and �1(e1(u)) only. The�i(ei(u)) and �i(ei(u)), i = 2; 3 
an be 
onstru
ted similarly.As �P T��1 (e1(u)) and �P T�t1 (e1(u)) satisfyh�P T��1 (e1(u)) � �P T�t1 (e1(u))i = 0where ha � bi denotes the dot produ
t of ve
tors a and b.It follows from (5) that A1�1(e1(u)) +B1�1(e1(u)) = 0 (6)where A1 = h�P 1�s1 (e1(u)) � �P 1�t1 (e1(u))i;B1 = h�P 1�t1 (e1(u)) � �P 1�t1 (e1(u))iThe Eq. (6) gives the fun
tion relation between �1(e1(u)) and �1(e1(u)). If one of �1(e1(u))and �1(e1(u)) is de�ned, the rest one is de�ned. In the following we show how to 
onstru
t�1(e1(u)) and �1(e1(u)). At point v2, we have�P T��1 (v2) = �1(v2)�P 1�s1 (v2) + �1(v2)�P 1�t1 (v2): (7)4



The angle �1 between ve
tors �1 and t3 is 30o, thus�P 3�t3 (v2) = p32 �P T��1 (v2)� 12 �P T��1 (v2):From �P T��1 (v2) = �P 1�t1 (v2);we have �P T��1 (v2) = 2p33 �P 3�t3 (v2) + p33 �P 1�t1 (v2): (8)It follows from Eq. (7) and Eq. (8) that �1(v2) and �1(v2) in Eq. (5), denoted �01 and �01 , 
an bedetermined by the following equations.h�P 1�s1 (v2) � �P 1�s1 (v2)i�01 + h�P 1�t1 (v2) � �P 1�s1 (v2)i�01 = h�P T��1 (v2) � �P 1�s1 (v2)i;h�P 1�s1 (v2) � �P 1�t1 (v2)i�01 + h�P 1�t1 (v2) � �P 1�t1 (v2)i�01 = 0 (9)On the other hand, at v3 we have�P T��1 (v3) = �1(v3)�P 1�s1 (v3) + �1(v3)�P 1�t1 (v3);�P T��1 (v3) = �2p33 �P 2�t2 (v3)� p33 �P 1�t1 (v3): (10)Thus �1(v3) and �1(v3) in Eq. (5), denoted �11 and �11 , 
an also be determined by the followingequations. h�P 1�s1 (v3) � �P 1�s1 (v3)i�11 + h�P 1�t1 (v3) � �P 1�s1 (v3)i�11 = h�P T��1 (v3) � �P 1�s1 (v3)i;h�P 1�s1 (v3) � �P 1�t1 (v3)i�11 + h�P 1�t1 (v3) � �P 1�t1 (v3)i�11 = 0: (11)Now �1(e1(u)) and �1(e1(u)) 
an be de�ned by a linear interpolation as follows:�1(e1(u)) = (1� u)�01 + u�11;�1(e1(u)) = (1� u)�01 + u�11 : ; 0 � u � 1 (12)where �i1 and �i1, i = 0; 1 are de�ned by (9) and (11).Based on (6) and (12), there are two ways to de�ne �1(e1(u)) and �1(e1(u)). They are shownbelow: �1(e1(u)) = (1� u)�01 + u�11;�1(e1(u)) = �A1�1(e1(u))=B1: ; 0 � u � 1 (13)�1(e1(u)) = (1� u)�01 + u�11 ;�1(e1(u)) = �B1�1(e1(u))=A1: ; 0 � u � 1 (14)The �nal de�nation of �1(e1(u)) and �1(e1(u)) is formed by the 
ombination of (13) and (14),i.e., by 5



�1(e1(u)) = (A1�01 �B1�01)(1� u) + (A1�11 � B1�11)u2A1�1(e1(u)) = (B1�01 � A1�01)(1� u) + (B1�11 � A1�11)u2B1 : (15)Similarly, one 
an de�ne �i(ei(u)) and �i(ei(u)) for i = 2; 3 as follows:�2(e2(u)) = (A2�02 �B2�02)(1� u) + (A2�12 � B2�12)u2A2�2(e2(u)) = (B2�02 � A2�02)(1� u) + (B2�12 � A2�12)u2B2�3(e3(u)) = (A3�03 �B3�03)(1� u) + (A3�13 � B3�13)u2A3�3(e3(u)) = (B3�03 � A3�03)(1� u) + (B3�13 � A3�13)u2B3 : (16)
The above 
onstru
tion pro
ess of C1 boundary 
onditions shows that when the methods for
onstru
ting C1 fun
tional triangular pat
h are dire
tly applied to the boundary 
onditions inEq. (5), a parameter pat
h P T (s; t) is 
onstru
ted, whi
h 
onne
ts P i(si; ti), i = 1; 2; 3 with G1
ontinuity and smooth shape.4 Dis
ussionIn this se
tion, we will show that the 
ross-boundary slopes de�ned by Eqs. (5), (15) and (16) arewell de�ned. To do this, one only needs to prove that if the three surfa
es P i(si; ti), i = 1; 2; 3;are de�ned by the same surfa
e P (s; t) but in di�erent forms, then the new boundary 
onditionsare de�ned by (4), i.e., by P (s; t). This means that if a method reprodu
es polynomials ofdegree n when it is used to 
onstru
t fun
tional triangular pat
hes, then when it is used withthe boundary 
onditions (5) to 
onstru
t a parametri
 triangular pat
h P T (s; t), P T (s; t) willreprodu
e parametri
 polynomials of degree n.Theorem 1 If surfa
e pat
hes P i(si; ti), i = 1; 2; 3; are de�ned by the same surfa
e P (s; t), andthe transformations from 
oordinate system st to 
oordinate system siti are linear, then there existunique 
onstants 
i and di satisfying the following 
onditions�i = 1=
i;�i = �di=
i (17)where �i and �i satisfy �i(ei(u)) = �i and �i(ei(u)) = �i, whi
h means �i(ei(u)) and �i(ei(u))in Eq. (5) are 
onstants in this 
ase.Proof Only the 
ase i = 1 will be 
onsidered. The other two 
ases 
an be handled similarly. LetV be any point in parametri
 spa
e, in �1�1 and s1t1 
oordinate systems, the 
oordinates of V be(�1; �1) and (s1; t1), respe
tively. As the transformation from 
oordinate system st to 
oordinatesystem s1t1 is linear, so the relationship between (�1; �1) and (s1; t1) 
an be written as�1 = 
1s1;�1 = d1s1 + t1: (18)6



As P i(s1; t1) is de�ned by P (s; t), it follows from Eq. (18) that P 1(s1; t1) 
an be expressed asP 1(s1; t1) = P (
1s1; d1s1 + t1) = P (�1; �1):Now �P 1(s1; t1)�s1 = 
1�P (�1; �1)��1 + d1�P (�1; �1)��1 ;�P 1(s1; t1)�t1 = �P (�1; �1)��1Thus �P (�1; �1)��1 = 1
1 �P (s1; t1)�s1 � d1
1 �P (s1; t1)�t1 :�P (�1; �1)��1 = �P (s1; t1)�t1and this 
ompletes the proof of the theorem.Theorem 1 shows that if surfa
es P i(si; ti), i = 1; 2; 3; are de�ned by the same surfa
e, then�01 and �01 in Eq.(9) and �11 and �11 in Eq. (11) satisfy �01 = �11 and �01 = �11 , so the fun
tions�i(ei(u)) and �i(ei(u)) in Eq.(5), i = 1; 2; 3; are uniquely determined, i.e., determined by Eq.(40).Consequently, the interpolation 
onditions are determined uniquely, thus the triangular pat
h tobe 
onstru
ted is determined uniquely. Therefore the following theorem follows.Theorem 2 If the method of 
onstru
ting fun
tional triangular pat
h reprodu
es polynomials ofdegree n, and the method is dire
tly applied on the interpolation 
onditions in Eq.(5), then the
onstru
ted parametri
 triangular pat
h P T (s; t) reprodu
es parametri
 polynomials of degree n.5 ExperimentExperiment results presented in this se
tion are 
arried out by 
onstru
ting a parametri
 triangu-lar pat
h to 
onne
t three four-sided pat
hes. The triangular pat
hes are produ
ed by Nielson'smethod [5℄. In Figures 3 and 4, the triangular pat
h in (a) is produ
ed by dire
tly applyingNielson's method [5℄ on the boundary 
urves and 
ross-boundary slopes de�ned by the three re
t-angle pat
hes. The triangular pat
hes in (b) and (
) are produ
ed by using the method presentedin [13℄ and the te
hnique presented in this paper, respe
tively, to rede�ne the 
ross-boundaryslopes taken from the three given re
tangular pat
hes, then applying Nielson's method [5℄ on theboundary 
urves and the rede�ned 
ross-boundary slopes. In Figures 3 and 4, some portions ofthe surfa
es on the 
ommon boundary of the triangular pat
h with the three re
tangular pat
hesare visually not very smooth. This is the result of Ma
h band phenomenon. Figures 3 and 4 showthat surfa
es in (
) have less Ma
h band phenomenon than those of (b).Highlight lines [14℄ have been proved to be e�e
tive tool in assessing the quality of a surfa
e. InFigures 5 and 6, the highlight line model is used to 
ompare the above three methods. The �guresin Figure 5 are highlight lines of the horizontal �llets of the surfa
es in Figure 3. The �gures inFigure 6 are highlight lines of the horizontal �llets of the surfa
es in Figure 4. The �gures inFigures 5 and 6 show that the new method gets better results than the other two methods.7



(a) (b) (
)Fig. 3: Example 1

(a) (b) (
)Fig. 4: Example 2
(a)
(b)
(
)Fig. 5: Example 38



(a)
(b)
(
)Fig. 6: Example 46 Con
lusionsA new method that uses fun
tional triangular pat
h 
onstru
tion methods to 
onstru
t parametri
priangular pat
hes is presented. The new method improves previous methods in both surfa
eshape and surfa
e quality. This is testi�ed by examining Ma
h band e�e
t and highlight linemodels of the resulting surfa
e pat
hes. The key in a
hieving the improvement is a te
hniqueto de�ne the 
ross-boundary 
onditions. The resulting 
ross-boundary 
onditions have not onlysuitable magnitudes but suitable dire
tions as well.With the new method, one 
an dire
tly apply any of the 
lassi
 fun
tional triangular pat
h
onstru
tion methods to 
onstru
t a C1 parametri
 triangular pat
h to smoothly 
onne
t threesurfa
e pat
hes. The new method preserves pre
ision of the 
lassi
 methods. If the applied 
lassi
method has a pre
ision of polynomials of degree n, then the 
onstru
ted parametri
 trianglepat
hes have a pre
ision of parametri
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