
First order absolute moment of Meyer-K�onig andZeller operators and their approximation for someabsolutely ontinuous funtions1Xiao-Ming ZengDepartment of Mathematis, Xiamen University, Xiamen 361005, China(E-mail: xmzeng�xmu.edu.n)andFuhua (Frank) ChengDepartment of Computer Siene, University of Kentuky, Lexington, KY 40506-0046,U. S. A. (E-mail: heng�s.engr.uky.edu)Abstrat A sharp estimate is given for the �rst order absolute moment of Meyer-K�onig and Zeller operators Mn. This estimate is then used to prove onvergeneof approximation of a lass of absolutely ontinuous funtions by the operatorsMn. The ondition onsidered here is weaker than the ondition onsidered in aprevious paper and the rate of onvergene we obtain is asymptotially the bestpossible.1 IntrodutionFor a funtion f de�ned on [0, 1℄, the Meyer-K�onig and Zeller operators Mn [5℄are de�ned by Mn(f; x) = 1Xk=0f � kn+ k�mn;k(x); 0 � x < 1;Mn(f; 1) = f(1); mn;k(x) =  n+ kk !xk(1� x)n+1: (1)Let Kn;x(t) = 8><>: Pk�nt=(1�t)mn;k(x); 0 < t < 1;1; t = 1;0; t = 0:1This work was supported by NSFC under Grant No. 10571145.1



Then operators Mn have the following Lebesgue-Stieltjes integral representationMn (f; x) = Z 10 f(t)dtKn;x(t): (2)Estimates of the �rst order absolute moment of the approximation operators playa key role in various investigations of onvergene of the approximation operators(for example, f. [3, 4, 6, 7, 8℄). In this paper we give a sharp estimate for the�rst order absolute moment of the operators Mn. Furthermore, by means of thisestimate and some analysis tehniques we establish a onvergene theorem on theapproximation of a lass of absolutely ontinuous funtions by the operators Mn.The rate of onvergene we obtain in this theorem is essentially the best possible.2 Results and ProofsFor the �rst order absolute moment of Meyer-K�onig and Zeller operators Mn, wehave the following result.Theorem 1. For x 2 (0; 1℄, we haveMn(jt� xj; x) = p2x(1� x)p�n +O� 1npnx� : (3)Proof. If x = 1, (3) is true. Let 0 < x < 1 and write r = x=(1� x). By the fatthat Mn(t; x) = x we haveMn(jt� xj; x) = [nr℄Xk=0�x� kn+ k�mn;k(x) + 1Xk=[nr℄+1� kn+ k � x�mn;k(x)= 2 [nr℄Xk=0�x� kn+ k�mn;k(x) +Mn(t� x; x)= 2 [nr℄Xk=0 n+ kk !xk+1(1� x)n+1 � 2 [nr℄Xk=0 kn+ k  n+ kk !xk(1� x)n+1= 2 [nr℄Xk=0 n+ kk !xk+1(1� x)n+1 � 2 [nr℄�1Xk=0  n+ kk !xk+1(1� x)n+1
2



= 2 n+ [nr℄n !x[nr℄+1(1� x)n+1: (4)Next we estimate 2 n+ [nr℄n !x[nr℄+1(1� x)n+1:Using Stirling's formula [9℄ n! = p2�n(n=e)ne�; 0 < � < 1=12n, we get2 n+ [nr℄n ! = 2(n+ [nr℄)!n! [nr℄! = r 2� (n+ [nr℄)n+[nr℄+1=2nn+1=2 [nr℄[nr℄+1=2 e�1��2��3 ; (5)where 0 < �1 < 112(n+ [nr℄) ; 0 < �2 < 112n; 0 < �3 < 112[nr℄ .Set (�) = �1 � �2 � �3, simple alulation derives� 112n � 112[nr℄ < (�) � 0: (6)Sine r = x=(1 � x), by straightforward alulation we havex[nr℄+1=2(1� x)n = r[nr℄+1=2(1 + r)n+[nr℄+1=2 : (7)Furthermore we �nd that(n+ [nr℄)n+[nr℄+1=2nn+1=2 [nr℄[nr℄+1=2 r[nr℄+1=2(1 + r)n+[nr℄+1=2 = 1pn � nr[nr℄�[nr℄+1=2 �n+ [nr℄n+ nr �n+[nr℄+1=2 :(8)Thus it follows from (5-8) that2 n+ [nr℄n !x[nr℄+1(1� x)n+1 = px(1� x)2 n+ [nr℄n !x[nr℄+1=2(1� x)n= p2x(1� x)p�n � nr[nr℄�[nr℄+1=2 �n+ [nr℄n+ nr �n+[nr℄+1=2 e(�): (9)Write A(n; r) = � nr[nr℄�[nr℄+1=2 �n+ [nr℄n+ nr �n+[nr℄+1=2 ; (10)and nr = [nr℄ + � (0 � � < 1):3



Then A(n; r) = �1 + �[nr℄�[nr℄+1=2 �1 + �n+ [nr℄��(n+[nr℄+1=2) :ThuslogA(n; r) = ([nr℄ + 1=2) log�1 + �[nr℄�� (n+ [nr℄ + 1=2) log�1 + �n+ [nr℄�= ([nr℄ + 1=2) �[nr℄ +O� �[nr℄�2!�(n+ [nr℄ + 1=2) �n+ [nr℄ +O� �n+ [nr℄�2!= O �[nr℄�1� ;whih means that A(n; r) = 1 +O �[nr℄�1� : (11)Hene from (4), (9), (10), (11) and the fat that e(�) = 1 + O(n�1 + [nr℄�1), weget Mn (jt� xj; x) = 2 n+ [nr℄n !x[nr℄+1(1� x)n+1= p2x(1� x)p�n �1 +O(n�1 + [nr℄�1)�= p2x(1� x)p�n +O� 1npnx�and Theorem 1 is proved.Next we onsider approximation of the operators Mn for a lass of absolutelyontinuous funtions �DB de�ned by�DB = ff ���� f(t)� f(0) = Z t0 h(u)du; t 2 [0; 1℄; h is bounded on [0; 1℄;and h(x+); h(x�) exist at x 2 (0; 1)g :The following three quantities are needed in this paper. The readers are referredto Referene [8, p. 244℄ for their basi properties.
x�(h; Æ1) = supt2[x�Æ1; x℄ jh(t)� h(x)j; 
x+(h; Æ2) = supt2[x; x+Æ2℄ jh(t)� h(x)j;4




(x; h; �) = supt2[x�x=�; x+(1�x)=�℄ jh(t)� h(x)j;where h is bounded on [0, 1℄, x 2 [0; 1℄ is �xed, 0 � Æ1 � x, 0 � Æ2 � 1� x, and� � 1.We now state the approximation theorem as follows.Theorem 2. Let f 2 �DB and write � = h(x+) � h(x�). Then for n suÆ-iently large we have�����Mn(f; x)� f(x)� �px(1� x)p2�n ����� � 4� 2xn [pn℄Xk=1 
(x; hx; k) + Cj�jnpnx: (12)where C is a onstant independent of n and x, [pn℄ is the greatest integer notexeeding pn and hx(t) is de�ned byhx(t) = 8><>: h(t)� h(x+); x < t � 10; u = xh(t)� h(x�); 0 � t < x; : (13)
In view of the fat that 1pn [pn℄Xk=1 
(x; hx; k)! 0 (n!1), from Theorem 2 weget the asymptoti formulaMn(f; x) = f(x) + px(1� x)p2�n �+ o(n�1=2);if f satis�es the assumptions of Theorem 2. In partiular, (12) is true for f 2DBV [0; 1℄ ( that is, f is di�erentiable funtion whose derivative is of boundedvariation, f. [3℄), sine the lass of funtions DBV [0; 1℄ is a sublass of the lass�DB. We also point out that Abel [1℄ presented the omplete asymptoti expansionfor the operators Mn under muh stronger onditions.Moreover, it is of interest to onsider some further results. Let f satisfy theassumptions of Theorem 2 and 
(x; hx; �) = O(1=�)� for some � > 0. Then fromTheorem 2 we getMn(f; x) = f(x) + px(1� x)p2�n �+8><>: O(n�(�+1)=2); if 0 < � < 1 or 1 < � < 2O(logpn=n); if � = 1O(n�3=2); if � � 2 :5



Proof of Theorem 2.By Bojani deomposition we haveh(u) = h(x+)+h(x�)2 + h(x+)�h(x�)2 sgn(u� x) + hx(u)+Æx(u)�h(x)� h(x+)+h(x�)2 � ; (14)where sgn(u) is symboli funtion, hx is as de�ned in (13), andÆx(t) = ( 1; t = x0; t 6= x :Note that Mn(t; x) = x, Z tx sgn(u � x)du = jt� xj, and Z tx Æx(u)du = 0. From(14) it follows by simple omputation thatf(t)� f(x) = Z tx h(u)du = h(x+)� h(x�)2 jt� xj+ Z tx hx(u)du:ThusMn(f; x)� f(x) = h(x+)� h(x�)2 Mn(jt� xj; x) +Mn �Z tx hx(u)du; x� : (15)By Lebesgue-Stieltjes integral representation (2) we haveMn �Z tx hx(u)du; x� = Z 10 �Z tx hx(u)du� dtKn;x(t)= L(h; n; x) +Q(h; n; x); (16)where L(h; n; x) = Z x0 �Z tx hx(u)du� dtKn;x(t);Q(h; n; x) = Z 1x �Z tx hx(u)du� dtKn;x(t):Integration by parts and note that Kn;x(0) = 0, hx(x) = 0 we havejL(h; n; x)j = ����Z x0 Kn;x(t)hx(t)dt���� � Z x0 Kn;x(t)
x�(hx; x� t)dt (17)6



= Z x�x=pn0 Kn;x(t)
x�(hx; x� t)dt+ Z xx�x=pnKn;x(t)
x�(hx; x� t)dt: (18)By Lemma 2.1 of [2℄ there holds inequalityMn((t� x)2; x) � �1 + 2xn� 1� x(1� x)2n+ 1 :Using this inequality, for 0 � t < x we dedue thatKn;x(t) � Xkn+k�tmn;k(x) � Xkn+k�t�k=(n+ k)� xx� t �2mn;k(x)� Mn �(u� x)2; x�(x� t)2 � 1(x� t)2 �1 + 2xn� 1� x(1� x)2n+ 1 � 2x(1� x)2n(x� t)2 :Thus by replaement of variable t = x� x=u we haveZ x�x=pn0 Kn;x(t)
x�(hx; x� t)dt � 2x(1 � x)2n Z x�x=pn0 
x�(hx; x� t)(x� t)2 dt= 2(1 � x)2n Z pn1 
x�(hx; x=u)du� 2(1� x)2n [pn℄Xk=1 
x�(hx; x=k): (19)On the other hand, by inequality Kn;x(t) � 1 and the monotoniity of 
x�(hx; �),it follows thatZ xx�x=pnKn;x(t)
x�(hx; x� t)dt � xpn
x� �hx; x=pn� � 2xn [pn℄Xk=1 
x�(hx; x=k):(20)From (19) and (20) and using the basi property 
x�(hx; �) � 
(x; hx; x=�) (f.[8, p. 244℄) we get jL(h; n; x)j � 2� 2x+ 2x2n [pn℄Xk=1 
(x; hx; k): (21)A similar estimate givesjQ(h; n; x)j � 2� 2x2n [pn℄Xk=1 
(x; hx; k): (22)Theorem 2 now follows from Eq. (15), (3), (16), (21), and (22).7



3 Asymptoti Optimality of the Estimate in Theorem 2In this setion we show that the estimate in Theorem 2 is essentially the bestpossible.Take funtion f(t) = jt�1=2j 2 �DB at point x = 1=2 2 (0; 1). Then f(1=2) =0, r = x=(1 � x) = 1, h(u) = sgn(u� 1=2), h1=2(u) � 0, h(x+) � h(x�) = 2, and(12) beomes ����Mn(jt� 1=2j; 1=2) � 12p�n ���� � 2p2Cn3=2 : (23)On the other hand, by Straightforward omputation and Stirling's formula [9℄n! = (2�n)1=2(n=e)ne�; � 112n+ 1 < � < 112n� ;we get Mn (jt� 1=2j; 1=2) = 2 n+ nn !�12�2n+2 = (2n)!n!n! �12�2n+1= p2�2n(2n=e)2n�p2�n(n=e)n�2 �12�2n+1 e�1�2�2 = 12p�ne�1�2�2 ; (24)where 124n+ 1 < �1 < 124n; 112n+ 1 < �2 < 112n:Simple omputation gives19n < 212n+ 1 � 124n < 2�2 � �1 < 16n � 124n+ 1 < 16n: (25)Thus, from (24) and (25) we have����Mn(jt� 1=2j; 1=2) � 12p�n ���� = 12p�n �1� e�1�2�2� = 12p�n e2�2��1 � 1e2�2��1> 12p�n 2�2 � �1e2�2��1 > 12p�n 1=9ne1=2 = 118p�en3=2 : (26)Eqs. (23) and (26) mean that for f(t) = jt� 1=2j, the following inequality holds3n [pn℄Pk=1 
�12 ; h 12 ; k�+ 1=18p�enpn � ���Mn �f; 12�� f �12�� 12p�n ���� 3n [pn℄Pk=1 
�12 ; h 12 ; k�+ 2p2Cnpn : (27)8



Inequality (27) shows that the estimate (12) in Theorem 2 is asymptotially opti-mal.Referenes[1℄ U. Abel, The omplete asymptoti expansion for the Meyer-K�onig and Zeller opera-tors, J. Math. Anal. Appl. 208 (1997), 109-119.[2℄ M. Beker and R. J. Nessel, A global approximation theorem for the Meyer-K�onigand Zeller operators, Math. Z. 160, 195-206 (1978).[3℄ R. Bojani and F. Cheng, Rate of onvergene of Benstein polynomials for funtionswith derivative of bounded variation, J. Math. Anal. Appl. 141 (1989), 136-151.[4℄ R. Bojani and M. K. Khan, Rate of onvergene of some operators of funtions withderivatives of Bounded variation, Atti Sem. Mat. Fis. Univ. Modena XXIX (1991),153-170.[5℄ E. W. Cheney and A. Sharma, Bernstein power series, J. Canad. Math. 16, (1964),241-252.[6℄ V. Gupta, U. Abel and M. Ivan, Rate of onvergene of beta operators of seond kindfor funtions with derivatives of bounded variation, Inter. J. Math. Math. Si. 23(2005), 3827-3833.[7℄ P. Pyh-Taberska Rate of pointwise onvergene of Bernstein polynomials for someabsolutely ontinuous funtions, J. Math. Anal. Appl. 208 (1997), 109-119.[8℄ X. M. Zeng and F. Cheng, On the rate of approximation of Bernstein type operators,J. Approx. Theory 109 (2001), 242-256.[9℄ H. Robbins, A Remark of Stirling's Formula, Amer. Math. Monthly 62 (1955), 26-29.
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