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Report Summary

We consider this grant, up to this point, a big success. We not only have reached most of our
research goals, i.e., developing the necessary mathematical theories and geometric algorithms
to support Catmull-Clark subdivision surface (CCSS) based modeling (with the exception
of one item: fairing), but also produced a PhD (Dr. Shuhua Lai, graduated in August, 2006,
currently an Assistant Professor at the Virginia State University), an MS (Mr. Gang Chen,
graduated in December 2006, currently working in L.A., California), and 11 journal papers
and 1 conference paper. We anticipate another MS (Mr. Conglin Huang) to be produced at
the end of this year and another PhD (Mr. Fengtao Fan) to be produced at the end of next
year.

Subdivision surfaces are capable of representing any geometric shape with only one sur-
face, no matter how complicated the topology. However, modeling techniques for CCSSs
have not been well developed yet. A main reason is we don’t know how to precisely estimate
the error of the subdivision process yet. Consequently, to ensure the modeling result would
satisfy the precision requirement, we usually over-subdivide the control meshes of the CCSSs
involved. This certainly is not preferred because not only the subdivision process itself is
more costly then, the resulting meshes are also more costly to use.

In this project, we address this problem first. We need to know how to compute subdi-
vision depth for CCSSs for given error tolerance. We also need to know how to efficiently
evaluate the value of a subdivision surface at a given point, the so-called parametrization
problem. This is because tessellation, trimming, fairing and shape design all need this capa-
bility of a subdivision surface. Hence, this problem has to be addresses before other issues
as well. Once these problems are addressed, four approaches for CCSS based modeling will
then be developed.

The first approach is interpolation. By sampling some representative points from a given



object model, a control mesh can be constructed and its subdivision surface interpolates
all the sampled representative points and meanwhile is very close to the given data model.
Interpolation is a simple way to build models, but the fairness of the interpolating surface is
a big concern in previous methods. By using similarity based interpolation, we can obtain
better modeling result with less undesired artifacts and undulations.

The second approach is to performed trimming operation on CCSSs and use this operation
as a core process in performing Boolean operations on objects represented by CCSSs. Boolean
operations are a natural way of constructing complex solid objects out of simpler primitives.
Up to this point, accurate Boolean operations over subdivision surfaces are not reached yet
in the literature. We have developed a robust and error controllable trimming operation
method which is based on voxelization of subdivision surfaces. Different from previous
voxelization based Boolean operation methods, our method results in a continuous geometric
representation, i.e., a polygonal mesh of the resulting trimming operation. Because the
resulting polygonal mesh is very dense, error controllable simplification of the control meshes
is needed. A method is presented for this purpose: adaptive tessellation. This method (to be
discussed below) can significantly reduce the complexity of a polygonal mesh and meanwhile
have accurate error estimation.

The third approach is adaptive tessellation of CCSSs. Catmull-Clark subdivision scheme
provides a powerful method for building smooth and complex surfaces. But the number
of faces in the uniformly refined meshes increases exponentially with respect to subdivision
depth. Adaptive tessellation reduces the number of faces needed to yield a smooth approx-
imation to the limit surface and, consequently, makes the rendering process more efficient.
Different from previous control mesh refinement based approaches, which generate approx-
imate meshes that usually do not interpolate the limit surface, the new method is based
on direct evaluation of the limit surface to generate an inscribed polyhedron of the limit

surface. Our method has complete control of the accuracy of the tessellation result. Cracks



are avoided by using a recursive color marking process to ensure that adjacent patches or
subpatches use the same limit surface points in the construction of the shared boundary.
The new method performs limit surface evaluation only at points that are needed for the
final rendering process.

A system that performs subdivision surface based modeling is implemented and quite
a few examples have been tested. All the examples show that our approaches can obtain
very good subdivision based representation results. Details of the new methods and related
materials can be found in the attached pdf file of the ’Annual Report’. The fourth approach:
fairing, is not included in this report because we are still working on it now.

The remaining part of the report is arranged as follows. In Chapter one, we describe
our goal and present the structure of a subdivision surface based modeling system. Our
parametrization technique for a CCSS is presented in Chapter 2. A subdivision depth com-
putation technique for CCSSs is presented in Chapter 3. An interpolation based shape design
technique for CCSSs is shown in Chapter 4. A trimming technique with its applications in
Boolean operations for objects represented by CCSSs is shown in Chapter 6. A voxelization
technique required in the trimming process is discussed in Chapter 5 first. The last chap-
ter, Chapter 7, shows the simplification techniques: adaptive tessellation, developed by this

project to reduce the complexity of a polygon mesh.
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Chapter 1

Introduction

1.1 Motivation

Subdivision surfaces [1, 2,3, 4,7,12, 14, 15, 22, 27] have become popular recently in graphical
modeling and animation because of their capability in modeling and representing complex
shape of arbitrary topology , their relatively high visual quality, and their stability and
efficiency in numerical computation. Subdivision surfaces can model and represent complex
shape of arbitrary topology because there is no limit on the shape and topology of the
control mesh of a subdivision surface [1, 2, 3]. Actually, subdivision surfaces have already
been used as primitives in several commercial systems such as Alias|Wavefronts’s Maya,
Pixar’s Renderman, Nichimen’s Mirai, and Newtek’s Lightwave 3D.

Basically, subdivision is a method for generating smooth surfaces, which first appeared
as an extension of splines to arbitrary topology control meshes [1, 2, 3]. Subdivision schemes
can be considered as an algorithmic generalization of classical spline techniques enabling
control meshes with arbitrary topology. They provide easy access to globally smooth sur-
faces of arbitrary shape by iteratively applying simple refinement rules to the given control
mesh. A sequence of meshes generated by this process quickly converges to a smooth limit
surface. For most practical applications, the refined meshes are already sufficiently close to

the smooth limit after only a few refinement steps. Complex smooth surfaces can be derived



in a reasonably predictable way from relatively simple meshes. There are many subdivision
schemes that have been proposed in past thirty years [1, 2, 3, 4, 16, 20, 28, 29, 30, 53]. The
Catmull-Clark subdivision scheme [1], the Doo-Sabin subdivision scheme [2] and the Loop
subdivision scheme [3] are the most well-known, and are used in many high-end modeling
and animation packages. There are quite a few other schemes. The Butterfly scheme [30]
and a closely related scheme known as Modified Butterfly [29] also use triangle meshes. Oth-
ers include the Kobbelt’s Interpolation Quadrilateral scheme [28], the Local Surface Fitting
scheme [53], and many variations on the themes of the above. The rules given for the above
schemes are usually only suitable for closed surfaces. Surfaces with boundaries need special
case rules to handle the boundary without unpleasant artifacts.

With the parametrization technique for subdivision surfaces becoming available [8, 22,
23, 63] and with the fact that non-uniform B-spline and NURBS surfaces are special cases
of subdivision surfaces becoming known [20], we now know that subdivision surfaces cover
both parametric forms and discrete forms. Parametric forms are good for design and repre-
sentation, discrete forms are good for machining and tessellation (including Finite Element
mesh generation). Hence, we have a representation scheme that is good for all graphics and
CAD/CAM applications.

Research work for subdivision surfaces has been done in several important areas, such
as surface texture mapping [65, 121], surface interpolation [14, 28, 29, 30, 31, 60|, exact
surface evaluation [8, 21, 22, 23, 25|, surface trimming [15], Boolean operations [7, 69, 97],
deformation [122], mesh editing [26, 115, 116], computer animation [12, 24] etc.

Although subdivision surfaces are capable of modeling and representing complex shape
of arbitrary topology and are well studied in many applications, methods on how to build
the control mesh of a complex surface are not studied much. Currently, most meshes of
complicated objects come from triangulation and simplification of raster scanned data points,

like the Stanford 3D Scanning Repository. This approach is costly and leads to very dense



meshes.

The objective of this research work is to develop necessary mathematical theories and
geometric algorithms to support subdivision surface based modeling. Subdivision surface
based modeling means to represent the final object in a design process with only a subdivision
surface (i.e. a sparse control mesh), no matter how complicated the object’s topology or
shape. No decomposition of the object into simpler components is necessary. Hence the
number of parts in the final representation is always the minimum: one. Another goal
of this work is to build a system that can represent any complicated 3D object and their
Boolean operation results with only one sparse mesh structure. Once every given object can
be represented with one simple mesh, it would be very convenient and efficient to render,

manipulate, store and transmit any virtual environment.

1.2 Subdivision Surfaces

We consider primarily stationary subdivision schemes in this research work, which means
that the choices of the refinement rules do not depend on the subdivision level. Once a
mesh is refined, the old mesh will not be used in computing the next level of vertices. The
positions of vertices for the next subdivision step only rely on the topology and position
of the current mesh. This requirement makes the implementation highly efficient and also
makes the analysis of subdivision surfaces much simpler.

Many different schemes exist for the actual subdivision process [1, 2, 3, 4, 16, 20, 28,
29, 30, 53]. The first two were developed in 1978 by two different pairs of people. The
Doo-Sabin scheme [2] and the Catmull-Clark scheme [1] are the most well-known, and are
used in many high-end modeling and animation packages. A third popular scheme developed
relatively recently, the Loop scheme [3], works only on triangle meshes. There are also other
subdivision schemes, like v/3 scheme [4] etc. Most subdivision methods are approximating.

But there are also some interpolating subdivision schemes whose limit surface interpolates



the given initial control points. Such scheme includes Butterfly scheme [30] and Kobbelt
interpolating scheme [28] etc.

Given an initial mesh, subdivision computes a sequence of refined meshes converging to
a limit surface. The refined meshes are obtained by adding new vertices to the mesh and
connecting them with old vertices. The positions of new vertices are computed as functions of
positions of the old vertices. The positions of old vertices in the refined mesh can be modified
as well. To specify a subdivision scheme, two rules need to be described: a topological rule
for obtaining the graph of the refined mesh from the graph of the initial mesh and a rule for
computing the positions of new vertices and modifying positions of the old vertices. As an

example, the Catmull-Clark subdivision scheme [1] is introduced below.

QO: Original Vertex
@: Vertex Point
©: Edge Point
@: Face Point

: New Mesh

Figure 1.1: Basic Concept of the Catmull-Clark Scheme.

Given a control mesh, a Catmull-Clark subdivision surface (CCSS) is generated by itera-
tively refining the control mesh [1]. The limit surface is called a subdivision surface because
the mesh refining process is a generalization of the uniform B-spline surface subdivision tech-
nique. Therefore, CCSSs include uniform B-spline surfaces and piecewise Bézier surfaces
as special cases. It is known now that CCSSs include non-uniform B-spline surfaces and
NURBS surfaces as special cases as well [20]. The wvalence of a mesh vertex is the number

of mesh edges adjacent to the vertex. A mesh vertex is called an extra-ordinary vertex if its



valence is different from four. Vertex V in Figure 1.1 is an extra-ordinary vertex of valence
five. A mesh face with an extra-ordinary vertex is called an extra-ordinary face. The valance
of an extra-ordinary face is the valence of its extra-ordinary vertex. In the following, for the
sake of simplicity, a mesh face and the corresponding surface patch will be denoted by the
same notation.

In the Catmull-Clark subdivision scheme[l], each mesh refining step involves the con-
struction of three new types of points: face points, edge points and vertex points, see Figure
1.1. New points are connected to form a new control mesh. These control meshes converge
to a limit surface. A face point is created for each old polygon, defined as the average of
every point in the polygon, i.e., centroid of each face:

VF+ EF + FF+ EF
4

k+1 __
Fitl =

where k is the subdivision level. An edge point is created for each old edge, defined as the
average of the midpoint of the original edge and the midpoint of the two new face points for
the polygons that adjoin the original edge:

VF + EF + FI 4 FhH!

Eft! —
' 4

And finally, new vertex points are defined as follows.

n

k1 M — 2y 1 ¢ k 1 ¢ k
VEHL = V+EZE1'+EZF¢
i=1 i=1

where n is the valance of vertex V and k is the subdivision depth. In this report, we consider

general CCSSs. That is, the new vertez point VF*! is computed as follows:
Vi =anvk+&2n:E’-“+7—"§n:F"“ (1.1)
o b i=1 l

where «,, 3, and 7, are positive numbers and their sum equals one.
The new points then are connected (see Fig. 1.1): each face point connects to an edge

point, which connects to a new vertex point, which connects to the edge point of the adjoining



edge, which returns to the face point. This is done for each such quadruple, fanning out
quadrilaterals around the faces. The scheme only produces quadrilaterals, although they are

not necessarily planar.

(b) control mesh after one refine-
ment

R\
RN ‘\.\ \\\\\\\
W A W

(c) after two refinements (d) limit surface of a ventilation
control component

Figure 1.2: An example of Catmull-Clark Subdivision Surfaces.

CCSSs can model/represent complex shape of arbitrary topology because there is no
limit on the shape and topology of the control mesh of a CCSS [1]. See Figure 1.2(d)
for the representation of a ventilation control component with a single CCSS. The initial
control mesh of the surface and the control mesh after one refinement and two refinements
are shown in Figure 1.2(a), Figure 1.2(b) and Figure 1.2(c), respectively. The ventilation
control component is a solid with seventeen holes (handles). It can not be represented by a

single trimmed B-spline or NURBS surface.



1.3 Subdivision Surface based Representation

Subdivision surfaces have important impact on several areas of geometric modeling:

e Representation: Subdivision surfaces provide a more general surface representation
scheme to the design community because subdivision surfaces include traditional sur-
face representation schemes as special cases. For instance, a NURBS surface can be
generated as a subdivision surface through knot insertion. Subdivision surfaces also

provide a different way to generate traditional surfaces.

e Modeling Capability: Subdivision surfaces provide more flexibility in shape mod-
eling than traditional surface representation schemes. It is possible to represent any
complex shape with only one subdivision surface. It is even possible to represent the
result of a Boolean operation of two surfaces by a single subdivision surface. This is
due to the fact that the control mesh of a subdivision surface can be of any shape and

of any topology.

e Numerical Stability: The construction process of a subdivision surface is numerically
stable no matter how complicated the shape of the surface. This is because the mesh
refining process of a subdivision surface is a local process. It shares the same kind of
numerical stability as the deCasteljau algorithm and the De Boor algorithm. Note that

these algorithms represent some mesh refining processes as well.

e Smoothness and Discretization: Subdivision surfaces can be represented both in
parametric form and discrete form. Therefore subdivision surfaces enjoy advantages
of both representation schemes. The polygonal mesh form of a subdivision surface is
extremely suitable for machining and tessellation (including FE mesh generation). On
the other hand, it is possible to generate smooth parametric subdivision surfaces of

any shape and any topology for any design purpose. These surfaces can be C', G, C?



or G2 continuous everywhere except at a few extraordinary points where smoothness
of the surface is only one order lower that that at other points. Hence we have a

representation scheme that is good for all CAD/CAM applications.

However, geometric algorithms and modeling technologies required in subdivision surface
based modeling operations are not well studied yet [123]. For instance, even though it is
known that one can use a subdivision surface to model/represent complex shape of arbitrary
topology, a methodology on how to build the control mesh of such a surface has never been
presented. The construction is basically a trial-and-error process.

Hence we need approaches to construct one-piece represented control meshes for complex
shape with arbitrary topology. Subdivision surface based modeling representation means to
represent the final object in a design process with a subdivision surface (i.e. a sparse control
mesh), no matter how complicated the object’s topology or shape. No decomposition of
the object into simpler components is necessary. Hence the number of parts in the final
representation is always the minimum: one.

In this annual report, we study four techniques for subdivision surface based modeling.
One technique is to use the subdivision surface interpolation technique to approximate the
surface of the given model. But this approach would be difficult to build features such as
cusps, creases and darts into the resultant surface in such a process. A second technique is to
construct a mesh through Boolean operations and multiresolution analysis. Both approaches
can achieve good results and can have explicit error control.

A comparison of subdivision surface based representation and multi-piece representation
is given in Figure 1.3. Figure 1.3(a) is the control mesh of the representation surface shown
in Figure 1.3(b) and Figure 1.3(c) is the mesh of the multi-piece representation surface
shown in Figure 1.3(d), where different colors denoting different parts. We can see from
Figure 1.3, with subdivision surface based representation, the number of component in the

representation is only one.



(b) One-piece surface

(c) Multi-piece mesh (d) Multi-piece surface

Figure 1.3: Subdivision surface based one-piece and multi-piece Representations.

1.4 Structure of the Subdivision based Modeling Sys-
tem

The objective of the subdivision based one piece representation system is to represent the
final object in a design process with only one subdivision surface (i.e. a sparse control mesh),
no matter how complicated the object’s topology or shape and no decomposition of the object
into simpler components is necessary. Hence the output of our system is always a sparse
control mesh whose Catmull-Clark subdivision surface approximates the target model. The
system provides two possible ways to construct such sparse control mesh: interpolation and
Boolean operations. Our system supports CSG (Constructive Solid Geometry) operations

as well as long as the CSG primitives are represented in subdivision surfaces. The overall
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Figure 1.4: Structure of the subdivision surface based modeling System



framework of the system is shown is Figure 1.4. The main steps of the framework will be

discussed in the later chapters.

1.5 Contributions

Our research work for this project is focused on developing necessary mathematical theories
and geometric algorithms to support subdivision surface based modeling. In this section we

summarize the contributions of this annual research work as follows.

e Parametrization of CCSSs [63]:
Subdivision methods for evaluating surfaces rely on performing repeated subdivisions
until the control structure approximates the limit surface within some tolerance. It
is then possible to push the control points to their limit positions and bilinearly in-
terpolate values across an inexact surface patch. One of the main problems that may
hinder the usage of subdivision surfaces in shape design is the exponential growth rate
of the number of vertices in the refined mesh with respect to the subdivision depth.
This would make realistic rendering and accuracy requirement both difficult to achieve
for complicated objects. Hence an explicit and exact evaluation and parametrization

method for subdivision surface is indispensable.

However, powerful evaluation and analysis techniques for subdivision surfaces have not
been fully developed yet. Parametrization methods that have been developed so far are
suitable for evaluation purpose only, not for analysis purpose, because these methods
either do not have an explicit expression, or are too complicated for each part to be
explicit. For instance, in [22], eigen functions are pre-computed numerically and stored

in a file. So they can be used for evaluation purpose only.

We proposed a new parametrization technique for general Catmull-Clark subdivision

surfaces. The new technique extends J. Stam’s work [22] by redefining all the eigen



(a) Control mesh (b) Limit surface

Figure 1.5: Direct and exact evaluation of Catmull-Clark subdivision surfaces.

basis functions in the parametric representation for general Catmull-Clark subdivision
surfaces and giving each of them an explicit form. The entire eigen structure of the
subdivision matrix and its inverse are computed exactly and explicitly with no need
to precompute anything. Therefore, the new representation can be used not only
for evaluation purpose, but for analysis purpose as well [63]. Our new approach is
based on an Q-partition of the parameter space and a detoured subdivision path. This
results in a block diagonal matrix with constant size diagonal blocks (7 x 7) for the
corresponding subdivision process. Consequently, eigen decomposition of the matrix
is always possible and is simpler and more efficient. Furthermore, since the number
of eigen basis functions required in the new approach is only one half of the previous

approach [22], our new parametrization is also more efficient for evaluation purpose.



The camel model shown in Figure 1.5 is rendered using our parametrization techniques
with all the positions and normals exactly computed, not approximated. Hence, the

quality of the image is better than those generated through the subdivision process.

Interpolation of meshes of arbitrary topology [60]:

Interpolation is a direct approach for building a sparse mesh structure of a given model
in our subdivision based modeling system. Although there exist some interpolation
methods using subdivision surfaces [14, 30, 31, 57], most of them cannot handle open
meshes and the resultant surface exhibits undesired artifacts and undulations. We
proposed a new method for constructing a sparse mesh whose smooth Catmull-Clark
subdivision surface (CCSS) interpolates the vertices of a mesh with arbitrary topol-
ogy. The new method handles both open and closed meshes. Normals or derivatives
specified at any vertices of the mesh (which can actually be anywhere) can also be
interpolated. The construction process is based on the assumption that, in addition to
interpolating the vertices of the given mesh, the interpolating surface is also similar to
the limit surface of the given mesh. Therefore, construction of the interpolating surface
can use information from the given mesh as well as its limit surface. This approach,
called similarity based interpolation [60], gives us more control on the smoothness of
the interpolating surface and, consequently, avoids the need of shape fairing in the con-
struction of the interpolating surface. The computation of the interpolating surface’s
control mesh follows a new approach, which does not require the resulting global linear
system to be solvable. An approximate solution provided by any fast iterative linear
system solver is sufficient. Nevertheless, interpolation of the given mesh is guaranteed.
This is an important improvement over previous methods because with these features,
the new method can handle meshes with large number of vertices efficiently. Although

the new method is presented for CCSSs, the concept of similarity based interpolation



can be used for other subdivision surfaces as well.

Figure 1.6 gives us an example of subdivision surface based representation using inter-
polation techniques. Figure 1.6(a) is a given model for which we need to construct a
spars control mesh. Figure 1.6(b) is a mesh whose control points are directly sampled
from the model shown in Figure 1.6(a). By using our interpolation technique, we can
construct a sparse control mesh shown in Figure 1.6(d), whose limit surface interpo-
lates the sampled mesh shown in Figure 1.6(b) and would also be almost the same
as the given model shown in Figure 1.6(a). Figure 1.6(c) is the limit surface of the
mesh shown in Figure 1.6(b), which can be used as a reference surface in the process
of constructing the mesh shown in Figure 1.6(d). The mesh shown in Figure 1.6(d) is

called the subdivision surface based representation of the given model shown in Figure

1.6(a).
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Figure 1.6: subdivision surface based representation using interpolation techniques.

e Voxelization of free-form solids [62]:

A voxelization technique and its applications for objects with arbitrary topology are



presented. With parametrization techniques for subdivision surfaces becoming avail-
able, it is possible now to model and represent any continuous but topologically com-
plex object with an analytical representation. We proposed a method to convert a
free-form object from its continuous geometric representation into a set of voxels that
best approximates the geometry of the object. Unlike traditional 3D scan-conversion
based methods, our voxelization method is performed by recursively subdividing the
2D parameter space and sampling 3D points from selected 2D parameter space points.
Because we can calculate every 3D point position explicitly and accurately, uniform

sampling on surfaces with arbitrary topology is not a problem any more.

(a) Given mesh (b) Limit surface (c) Voxelization of (d) Voxelization of
of (a) (b) with resolution (b) with resolution
128 x 128 x 128 512 x 512 x 512

Figure 1.7: Voxelization of free-form solids.

Moreover, our discretization of 3D closed objects is guaranteed to be leak-free when a
3D flooding operation is performed. This is ensured by proving that our voxelization
results satisfy the properties of separability, accuracy and minimality. In addition, a 3D

volume flooding algorithm using dynamic programming techniques is presented which



significantly speeds up the volume flooding process. Hence our method is suitable for
visualization of complex scenes, measuring object volume, mass, surface area, deter-
mining intersection curves of multiple surfaces and performing accurate Boolean/CSG
operations. These capabilities are demonstrated by test examples shown in the report.
For example, Figure 1.7 gives two results of voxelization of the rocker arm model shown
in Figure 1.7(b), whose mesh is shown in Figure 1.7(a). The result shown in Figure
1.7(c) is obtained by voxelizing the rocker arm model using resolution 128 x 128 x 128,
while Figure 1.7(d) is obtained using resolution 512 x 512 x 512. It is easy to see, when
resolution is high enough, the voxelization result would be close enough to the original

model.

Boolean operations on free-form solids [69]:

A method for performing robust and error controllable Boolean operations on free-
form solids represented by Catmull-Clark subdivision surfaces (CCSSs) is developed.
The given objects are voxelized to make Boolean operations more efficient. However,
different from previous voxelization based approaches, the final result of the Boolean
operations in our method is represented with a continuous geometric representation
( i.e. a polygonal mesh). This is achieved by doing the Boolean operations in the
parameter spaces of the solids, instead of the object space. The 2D parameter space is
recursively subdivided until a keep-or-discard decision can be made for each resulting
subpatch using results of the voxelization process. This approach allows us to easily
compute a continuous approximation of the intersection curve and, consequently, build
a continuous geometric representation for the Boolean operation result. To make the
Boolean operation result more accurate, a secondary local voxelization can be per-
formed for intersecting subpatches. Because the voxelization process itself is very fast

and robust, the overall process is fast and robust too. Most importantly, error of



Boolean operation result can be estimated, hence error control is possible. In addition,
our method can handle any cases of Boolean operations as long as the given solids are
represented by CCSSs. Therefore there are no special or degenerated cases to take
care of. Although the new method is presented for CCSSs, the concept actually works
for any subdivision scheme whose limit surfaces can be parameterized. See Figure 1.8
for an example of performing Boolean operations between two solids represented by
Catmull-Clark subdivision surfaces. Figure 1.8(a) is the union of the cylinder and the

bunny model, while Figure 1.8(b) is the difference of the two models.

(a) Union (b) Difference

Figure 1.8: Boolean operations on free-form solids.

e Adaptive tessellation of CCSSs [61, 64, 66]:
Catmull-Clark subdivision scheme provides a powerful method for building smooth and
complex surfaces. But the number of faces in the uniformly refined meshes increases
exponentially with respect to subdivision depth. Adaptive tessellation reduces the

number of faces needed to yield a smooth approximation to the limit surface and,



consequently, makes the rendering process more efficient. We have developed a new
adaptive tessellation method for general Catmull-Clark subdivision surfaces. Different
from previous control mesh refinement based approaches, which generate approximate
meshes that usually do not interpolate the limit surfaces, the new method is based
on direct evaluation of the limit surface to generate an inscribed polyhedron of the
limit surface. With explicit evaluation of general Catmull-Clark subdivision surfaces
becoming available, the new adaptive tessellation method can precisely measure error
for every point of the limit surface. Hence, it has complete control of the accuracy of
the tessellation result. Cracks are avoided by using a recursive color marking process
to ensure that adjacent patches or subpatches use the same limit surface points in
the construction of the shared boundary. The new method performs limit surface
evaluation only at points that are needed for the final rendering process. Therefore
it is very fast and memory efficient. The new method is presented for the general
Catmull-Clark subdivision scheme. But it can be used for any subdivision scheme
that has an explicit evaluation method for its limit surface. An example of adaptive
tessellation is shown in Figure 1.9. Figure 1.9(a) is the given gargoyle model, which
is a subdivision surface. Figure 1.9(b) is a uniform tessellation of Figure 1.9, which
is very dense. Figures 1.9(c), 1.9(d) and 1.9(e) are three adaptive tessellations of
the given model with different error tolerances. From these figures we can see sparse
polygonal approximation can be achieved through adaptive tessellation. Figure 1.9(f)
is the triangulated tessellation of Figure 1.9(e), which consists of only triangles in the

polygonal approximation.

A system that supports subdivision surface based modeling is implemented and a
lot of examples have been tested. All the examples show that our approaches can

obtain very good subdivision based representation results. The following Figure 1.10



(a) Given model (b) Uniform tessellation

(d) Adaptive tessellation (e) Adaptive tessellation (f) Triangulated tessella-
tion

Figure 1.9: Adaptive tessellation on surfaces with arbitrary topology.

is a snapshot of our subdivision surface based modeling system.

e Others results:
We also achieved some other good results during the annual research. Although they
are not directly related to our subdivision surface based modeling system, they all are
good applications of subdivision surfaces and may have some impacts in my future

research work.
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Figure 1.10: A snapshot of the subdivision surface based modeling system.

— Constrained Scaling of CCSSs [67]:
A method to scale a Catmull-Clark subdivision surface while holding the shape
and size of specific features (sub-structures) unchanged is presented. The basic
idea of the method, fiz-and-stretch, is similar to a previous approach for trimmed
NURBS surfaces, i.e., the new surface is formed by fixing selected regions of
the given subdivision surface that contain the features, scaling and stretching
the remaining part; the goal is to ensure that the resulting surface reflects the
shape and curvature distribution of the unconstrainedly scaled version of the given
surface. However, the stretching process, the core of the entire process, is more
complicated because of the complexity of a subdivision surface’s topology. The

major contributions of the new constrained scaling technique include new strain



energy computation techniques and energy optimization techniques for regions
around extra-ordinary points. The new method is more powerful than the previous
method in that it can handle more complicated shapes and, consequently, can be
used for more challenging applications. Test results on the rocker arm model that
can not be represented by trimmed NURBS surfaces are shown in Figure 1.11.
The left model in Figures 1.11(a) and 1.11(b) is the given model. The blue parts in
these figures are the specified feature which will not be changed in the constrained
scaling process. The right part of Figure 1.11(a) is constrained scaling with scale
factors S, = 1.3, S, = 1.2 and S, = 1.1. The right part of Figure 1.11(b) is
obtained in the constrained scaling process with scale factor S, = 0.8, S, = 0.95

and S, = 0.9.

(a) Constrained scaling (bigger) (b) Constrained scaling (smaller)

Figure 1.11: Constrained scaling of Catmull-Clark subdivision surfaces.

— Texture mapping on surfaces of arbitrary topology [65]:

A very simple and yet highly efficient, high quality texture mapping method for



surfaces of arbitrary topology has been presented. The new method projects the
given surface from the 3D object space into the 2D texture space to identify the
2D texture structure that will be used to texture the surface. The object space to
texture space projection is optimized to ensure minimum distortion of the texture
mapping process. The optimization is achieved through a commonly used norm
preserving minimization process on edges of the surface. The main difference
here is, by using an initial value approach, the optimization problem can be set
up as a quadratic programming problem and, consequently, solved by a linear
least squares method. Three methods to choose a good initial value are presented.
Test cases show that the new method works well on surfaces of arbitrary topology,
with the exception of surfaces with exceptionally abnormal curvature distribution.
Other advantages of the new method include uniformity and seamlessness of the
texture mapping process. The new method is suitable for applications that do
not require precise texture mapping results but demand highly efficient mapping
process such as computer animation or video games. Examples of texture mapping
on surfaces of arbitrary topology are shown in Figure 1.12. Figures 1.12(a) and
1.12(b) are obtained with a global norm preserving based optimization, while
Figures 1.12(c) and 1.12(d) are obtained through patch based parametrization. It
is easy to see global method can obtain uniform texture mapping results, which

are more realistic than non-uniform ones.

Rendering live scenes using view dependent textured splatting techniques [68]:
We presented a novel approach for rendering low resolution point clouds with
multiple high resolution textures, the type of data commonly generated by real-
time vision systems. The low precision, noisy, and sometimes incomplete nature
of such data sets is not suitable for existing point-based rendering techniques

that are designed to work with high precision and high density point clouds.



Our new algorithm, View-dependent Textured Splatting (VDTS), combines tra-
ditional splatting with a view-dependent texturing strategy to increase rendering
quality of low resolution data sets with high resolution images. VDTS requires
no pre-processing, addresses texture visibility and anti-aliasing on the fly, and
can be efficiently accelerated by commodity graphics hardware. Therefore it is

particularly well-suited for rendering dynamic scenes in real time and online.

1.6 Notations

The following notational conventions are adopted in this report. Space objects such as
points, lines and parametric functions are denoted by boldface upper case roman characters,
e.g., V. Linearly transformed items or Fourier points are denoted by boldface lower case
roman characters, e.g., v. All vectors are assumed to be columns. Vectors of ordinary items
(resp. linearly transformed items or Fourier points) are denoted by upper (resp. lower) case
italicized characters, e.g., V (resp. g). Matrices are denoted by uppercase roman characters,

e.g., M. The transpose of a vector V (resp. matrix M) is denoted by V7T (resp. MT).

1.7 Overview

The organization of this report is as follows.

e First an explicit parametrization method is presented for exact evaluation of Catmull-
Clark subdivision surfaces in Chapter 2. With an explicit parametrization, subdivi-
sion is no longer a must in order to obtain the limit surface of a given mesh, because

direct and exact evaluation can be directly applied now.

e In Chapter 3, an interpolation method for meshes of arbitrary topology is presented.
Using interpolation, a subdivision surface based representation for any model with

arbitrary topology can be achieved.



e A voxelization technique and its applications for objects with arbitrary topology are
presented in Chapter 4. The new technique converts a free-form object from its
continuous geometric representation into a set of voxels that best approximates the
geometry of the object. The voxelization results can further be used for perform-
ing robust and error controllable Boolean operations in our subdivision surface based

modeling system.

e A technique for performing robust and error controllable Boolean operations on free-
form solids represented by Catmull-Clark subdivision surfaces (CCSSs) is presented in
Chapter 5. After the Boolean operations, a representation can be achieved in this

stage, although the resulting meshes could be dense.

e Because subdivision surface based representations obtained from interpolation or Boolean
operations usually are dense meshes, good mesh simplification or reduction methods
are needed. Adaptive tessellation is such a method, which reduces the number of faces
needed to yield a smooth approximation to the limit surface and, consequently, makes
the rendering process more efficient. In Chapter 6, we present a new adaptive tessel-
lation method for general Catmull-Clark subdivision surfaces which can significantly

reduce the number of polygons for representing a CCSS with accurate error control.

e Multiresolution analysis is another good method for simplifying dense meshes with ar-
bitrary topology. In Chapter 7 multiresolution representation for subdivision surface
based representations is presented, which results in much sparse control meshes and

has explicit error estimation.

e We conclude the report in Chapter 7 and point out some directions for future work.



(a) Uniform texture Mapping (b) Uniform tex-
ture Mapping

(c) Patch based texture Mapping (d) Patch based
texture Mapping

Figure 1.12: Texture Mapping on surfaces of arbitrary topology.



Chapter 2

Parametrization and Evaluation of
General Catmull-Clark Subdivision
Surfaces

In this chapter, a new parametrization technique and its applications for general Catmull-
Clark subdivision surfaces are presented. Our new technique [63] extends J. Stam’s work
[22] by redefining all the eigen basis functions in the parametric representation for general
Catmull-Clark subdivision surfaces and giving each of them an explicit form. The entire
eigen structure of the subdivision matrix and its inverse are computed exactly and explicitly
with no need to precompute anything. Therefore, the new representation can be used not
only for evaluation purpose, but for analysis purpose as well. The new approach is based
on an Q-partition [22] of the parameter space and a detoured subdivision path. This results
in a block diagonal matrix with constant size diagonal blocks (7 x 7) for the corresponding
subdivision process. Consequently, eigen decomposition of the matrix is always possible and
is simpler and more efficient. Furthermore, since the number of eigen basis functions required
in the new approach is only one half of the previous approach [22], the new parametrization
is also more efficient for evaluation purpose. This is demonstrated by several applications of
the new techniques in texture mapping, special feature generation, surface trimming, boolean

operations and adaptive rendering.
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The organization of this chapter is: A brief introduction is given in Section 1. Section
2 gives a brief review of the Catmull-Clark subdivision scheme and previous evaluation
techniques. Section 3 shows an intuitive but expensive approach in parameterizing an extra-
ordinary Catmull-Clark patch. Section 4 shows a more efficient approach in parameterizing
a Catmull-Clark patch using an extended subdivision path. Section 5 shows how to compute
the eigen structure of the subdivision matrix of the extended subdivision path. Section 6
shows the evaluation process of the new parametric representation at an arbitrary point
of a Catmull-Clark patch. Section 7 gives some examples of analysis with our explicit
representation around an extra-ordinary vertex. Section 8 shows application examples of
the new scheme in texture mapping, special feature generation, surface trimming, adaptive
rendering, mesh interpolation and boolean operations. The concluding remarks are given in

Section 9.

2.1 Introduction

Subdivision surfaces have become popular recently in graphical modelling and animation be-
cause of their capability in modeling/representing complex shape of arbitrary topology [12],
their relatively high visual quality, and their stability and efficiency in numerical computa-
tion. Subdivision surfaces can model /represent complex shape of arbitrary topology because
there is no limit on the shape and topology of the control mesh of a subdivision surface.

Subdivision methods for evaluating surfaces rely on performing repeated subdivisions
until the control structure approximates the limit surface within some tolerance. It is then
possible to push the control points to their limit positions and bilinearly interpolate values
across an inexact surface patch. But in some applications, the exact evaluation is critical.
Hence a good parametrization for subdivision surface is indispensable.

However, powerful evaluation and analysis techniques for subdivision surfaces have not

been fully developed yet. Parametrization methods that have been developed so far are



suitable for evaluation purpose only, not for analysis purpose, because these methods either
do not have an explicit expression, or are too complicated for each part to be explicit. For
instance, in [22], eigen functions are pre-computed numerically and stored in a file. So
they can be used for evaluation purpose only. Note that exact evaluation at a point of
a subdivision surface is possible only if there is an explicit parametrization of the surface.
Hence, an explicit parametrization is not only critical for analysis purpose, but for evaluation
and rendering purpose as well.

In this chapter we will present an €)-partition based approach to solve several important
problems of subdivision surfaces: (1) computation of new control vertices at a specified
subdivision level, (2) explicit parametrization of an extra-ordinary patch, and (3) surface
evaluation at arbitrary parameter space point with eigen functions computed on the fly.

The new approach is based on the observation that the subdivision process on the control
vertices can be broken into subdivision processes on smaller, same frequency groups after a
few linear transformations. Using a different ordering of the vertices and the idea of enlarging
the subdivision matrix, the subdivision matrix can be transformed into a block matrix with
each block being circulant [5, 27]. Hence it is natural to use the Fourier matrices to transform
them into diagonal matrix. Each such subdivision process on points of the same frequency is
independent of the valence of the extra-ordinary vertex. The dimension of the corresponding
subdivision matrix for each frequency group is 7 x 7. Therefore, the process of using a large
subdivision matrix to perform the subdivision process on the control vertices can be replaced
with a set of 7 x 7 matrices on the same frequency groups. This not only makes computation
of the eigen structures of the subdivision matrices always possible, but also simpler and more

efficient. Inverses of the eigenvector matrices can also be explicitly computed.



Figure 2.1: (a) Control vertices that influence an extra-ordinary patch. (b) New control
vertices (solid dots) generated after a Catmull-Clark subdivision.

2.2 Previous Work
2.2.1 Catmull-Clark Subdivision Surfaces

Given a control mesh, a Catmull-Clark subdivision surface (CCSS) is generated by iteratively
refining the control mesh [1]. The limit surface is called a subdivision surface because the
mesh refining process is a generalization of the uniform B-spline surface subdivision technique.
The wvalence of a mesh vertex is the number of mesh edges adjacent to the vertex. A mesh
vertex is called an extra-ordinary verter if its valence is different from four. Vertex V in
Figure 3.1(a) is an extra-ordinary vertex of valence five. A mesh face with an extra-ordinary
vertex is called an extra-ordinary face. The wvalance of an extra-ordinary face is the valence
of its extra-ordinary vertex. In the following, for the sake of simplicity, a mesh face and the
corresponding surface patch will be treated the same and denoted by the same notation.
Given an extra-ordinary face S = Sg . If the valence of its extra-ordinary vertex is n, then
the surface patch corresponding to this extra-ordinary face is influenced by 2n + 8 control
vertices [1, 22]. The control vertices shown in Figure 3.1(a) are the ones that influence the
patch marked with an “S = S,,_1,”. In general, if S,, 1 is the extra-ordinary subpatch
generated after m — 1 subdivision steps, then by performing a Catmull-Clark subdivision

step on the control vertices of S,,,_1 o, one gets 2n+ 17 new control vertices. See Figure 3.1(b)



for the new control vertices generated for the patch S,, 1 shown in (a). These 2n + 17 new
control vertices define four subpatches: S,,;, b = 0,1,2,3 (Figure 3.1(b)). S, is again an
extra-ordinary patch but S,, 1, S;, 2, and S,, 3 are regular uniform bicubic B-spline patches.
Iteratively repeat this process, one gets a sequence of regular bicubic B-spline patches (S, ),
m > 1, b =1,2,3, a sequence of extra-ordinary patches (S,,0), m > 0, and a sequence of
extra-ordinary vertices. The extra-ordinary patches converge to the limit point of the extra-
ordinary vertices [14]. The regular bicubic B-spline patches (S,,;), m > 1, b = 1,2,3, and

the limit point of the extra-ordinary vertices form a partition of S.

2.2.2 Previous Parametrization and Evaluation Methods
An algorithm for the evaluation of a subdivision surface at an arbitrary point was first
proposed by J. Stam in 1998 for Catmull-Clark subdivision surfaces [22] and then in 1999
for Loop subdivision surfaces [23]. Stam’s approach shows that an extra-ordinary surface
patch and its derivatives can be represented as a linear combination of the control points
with weights defined by a set of 2n + 8 eigenbasis functions where n is the valence of the
extra-ordinary patch. The representation satisfies simple scaling relations and can be easily
evaluated in constant time. However, even though analytical expressions for the eigenbasis
functions have been derived, some of them are too complicated to be reported in the paper
[22]. Besides, some of the eigenbasis functions are redundant. We will show in this chapter
that only n + 6 eigenbasis functions are actually needed and, consequently, the evaluation
process can be made more efficient. J. Stam’s approach [22] is mainly developed for evalua-
tion purpose. As we shall present, our parametrization results [63] can be used not only for
evaluation, but for analysis purpose as well.

Warrent and Weimer presented a method in [27] for computing all eigenvalues and eigen-
vectors of the subdivision matrix by writing the subdivision matrix for the 2-ring in block

circulant form. Ball and Storry [5] also used the similar approach to compute the eigen



structure of the subdivision matrix. However, as far as we know, the inverse of the matrix of
the eigenvectors has never been computed explicitly, and the overall explicit eigen structure
has never been integrated into the parametrization formula. In this paper, based on the
eigen analysis results of [5], an explicit and exact evaluation formula is derived.

Zorin extended the work of J. Stam by considering subdivision rules for piecewise smooth
surfaces with parameter-controlled boundaries [25]. The main contribution of their work is
the usage of a different set of basis vectors for the evaluation process which, unlike eigen-
vectors, depend continuously on the coefficients of the subdivision rules. The advantage
of this algorithm is that it is possible to define evaluation for parametric families of rules
without considering excessive number of special cases, while improving numerical stability
of calculation.

In addition to Stam’s approach, two different parameterizations of Catmull-Clark subdi-
vision surfaces have been proposed by Boier-Martin and Zorin [8]. The motivation of their
work is to provide parametrization techniques that are differentiable everywhere. Although
all the natural parameterizations of subdivision surfaces are not C' around extraordinary
vertices of valence higher than four[8], the resulting surfaces are still C? almost everywhere.
Moreover, despite of the fact that the partial derivatives diverge around an extraordinary
vertex, in this paper, we will show that an standardized normal vector can be calculated
explicitly everywhere. As we know, precisely calculated normal vector is indispensable for
surface shading purposes.

Exact evaluation of piecewise smooth Catmull-Clark surfaces near sharp and semi-sharp
features is considered in [21]. Constant-time performance is achieved by employing Jordan
decomposition of the subdivision matrix. In this paper we will show that special features can
be generated using ordinary Catmull-Clark rules with constant-time evaluation performance

as well.
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Figure 2.2: Q-partition of the unit square [22].

2.3 Parametrization of a Patch

The regular bicubic B-spline patches {S,,;}, m > 1, b = 1,2, 3, induce a partition on the

unit square [0, 1] x [0, 1]. The partition is defined by : {Q,,,}, m > 1, b=1,2,3, with

Qm,l = [2%7 2m1—1] X [07 ng]a
Qm,2 - [2%, 2m1—1] X [QLma 2m1—1]7
Qs = [0, 50] X [z 5]

(see Figure 2.2 for an illustration of the partition [22]). For any (u,v) € [0,1] x [0, 1] but
(u,v) # (0,0), there is an €,,; that contains (u,v). To find the value of S at (u,v), first
map €2, to the unit square. If (u,v) is mapped to (#,v) by this mapping, then compute
the value of S,,,; at (@, v). The value of S at (0,0) is the limit of the extra-ordinary vertices.
For convenience of subsequent reference, the above partition will be called an Q-partition of
the unit square.

In the above process, m and b can be computed as follows:

m(u,v) = min{[log%uL Hogéﬂ} :

1, if 2"u>1 and 2Mv < 1
b(u,v) =< 2, if 2™u>1 and 2™y >1
3, if 2"u <1 and 2mv > 1.

The mapping from £2,,; to the unit square is defined as:

(w,0) = (u,0) = (¢(u), $(v)),



where
omi. if 2mt <1

#(t) = { 2™t — 1, if 2™t > 1. (2.1)

Since each S, is a standard B-spline surface, it can be expressed as
S(u,v) = W (a, 0)MGp

where G, is the control point vector of S,,,, W (u,v) is a vector containing the 16 power

basis functions:

W (u,v) = [1,u,v, u?, uv, v*,u®, u?v, uo?, v*, uv, u?v? uo®, uo?, uo®, u?o?),

and M is the B-spline coefficient matrix. An important observation is, W (u,v) can be

expressed as the product of W7 (u,v) and two matrices:
WT(a,v) = W (u,v)K™Dy,
where K is a diagonal matrix
K = Diag(1,2,2,4,4,4,8,8,8,8,16,16, 16, 32, 32, 64)

and Dy, is an upper triangular matrix depending on b only. Dy, can be obtained by replacing

u, v in W(a,v) with ¢(u), ¢(v) defined in Eq. (2.1). Therefore, we have
S(u,v) = W7 (u, v) K"DpyMG,p.

The computation of the control vertices of S, involves two matrices, A and A [22]. A is
a (2n+17) x (2n+ 8) matrix, representing the subdivision process shown in Figure 3.1(b). A
is a (2n+8) x (2n+8) submatrix of A, representing the process of mapping the 2n+8 control
vertices of the given extra-ordinary patch to the 2n + 8 control vertices of its extra-ordinary
subpatch. Let

G = [VaEla"' 7En7F1a"' aFnalla"' 717]



then G (See Fig. 3.1(a) for its labelling) is the column vector representing the control vertices
of S. By applying A to G (m — 1) times we get the 2n + 8 control vertices of the extra-
ordinary subpatch S,, 1. Now by applying A to the control vertices of S, 1 (represented
as Gy, 1), we get 2n + 17 new control points which include the 2n + 8 control vertices of

Simo. Let G, be the column vector representation of these 2n + 17 vertices, we have
G =AG,, 1 =AA"IG .

Then by multiplying G,, with an appropriate “picking” matrix P, we get the control vertices
of the subpatch S, ;:

Gump = PG = PLAA™ G

Hence we have

S(u,v) = W (u, v)K®*DyMP,AA™ 1@, (2.2)

This is a parametrization of an extra-ordinary patch. However, this is a costly process to
use because it involves m — 1 multiplications of the (2n + 8) x (2n + 8) matrix A. In the

next section, we will present an efficient approach to calculate G,,; for any b and m.

2.4 Calculate Control Vertices after m Subdivisions

The goal here is to show that instead of using the direct path from G to G,, 1 to compute
Gm-1 =A™ 'G in the above equation, one should use the indirect, longer path (G — g —
9m-1 — Gp1) in Figure 2.3 to do the job. The reason for doing so is: the corresponding
matrix T is a block diagonal matrix with each diagonal block of dimension 7 x 7 only.
Therefore, the process of computing their eigen decompositions is not only always possible,
but also much simpler and more efficient.

Details of this new approach and definitions of related mappings are given below. We

consider a general CCSS here. That is, the new wverter point V' after one subdivision is



Figure 2.3: The extended subdivision diagram.

computed as defined in Eq. 1.1. New face points and edge points are computed the same
way as in [1].
First, to prepare G for the major transformation, we extend G into a vector of seven

equal-length components, called G:

G=WT EY FT I I IF 157,

where
V. = (V,V,--. V)T,
E (E1,E2, BT,
F = (F,Fy,-- ,Fn)T,
Iy = (I, Ik+4, o, 0)T) k=1,2,3
I, = (140 07

with all of them having the same length of n. We can get G from G by a simple extension
matrix Hy, i.e., G = H;G. Note that the matrix inducing G; to G'Z-Jrl, ie., HHAH; ', is a
7n x Tn block matrix with each block (n x n) being circulant [5, 27]. Therefore, each of these

blocks can be diagonalized exactly using the discrete Fourier transform. Let g be the result



of applying the discrete Fourier transform L to the components of G:

g = (LVT,LET LET LIT LIT LIT, LIT)T

- (’UT,eT’fT’ i%—" i%—" ig—" i’};)T

Each component of g has the same length n, but is indexed from 0 to n — 1. We can get ¢
from G by combining all L’s into a single matrix Hy, i.e., g = H,G. Tt is easy to see that Hy
is a block diagonal matrix. If we re-arrange the elements of § into a set of same frequency
groups:

g = (hga h’{a T ahz;—l)Ta

where hy, = (Vy, €w;s fios i1, 12w, 130w, G4w) T, With 0 < w < n — 1. We can get g from g through
a Tn x Tn permutation matrix Hs, i.e., g = Hzg. The above relationships hold for g;, G,
g; and éj, j > 1, as well (See Fig. 2.3). Since Hy, Hy and Hj are invertible, we can easily
calculate g; and G; from each other.

For each j7 > 1, the subdivision process performed on G;_; to get G; can be reflected
on g;_1 and g; through Hy, Hy and Hs. The induced subdivision process [5] on g;_; can be

represented by a 7n x 7n matrix T as:
g9; = Tgj1="Tg.

T is a block diagonal matrix with each diagonal block T, (w = 0,1,2,---,n — 1), being a
7 x 7 matrix. The expression of each T, can be found in [5]. Therefore, for each m > 1, we
have (See Fig. 2.3):

A™ ' = H,'Hy "Hy "T™ "H3H,H; .

By combining the above expression with (2.2), we have
S(u,v) = WTK™D,MP, AH; 'H, 'H; ' T™ ' H,H,H, G (2.3)

For a given (u,v), every matrix in (2.3) is known to us if valance n is known. Hence it can

be used to exactly and explicitly evaluate the position of S(u,v).



2.5 Eigen analysis of T

Equation (2.3) provides a formal parametrization of an extra-ordinary patch. This parametriza-
tion, however, is still costly to evaluate because it involves m — 1 multiplications of the matrix
T. The evaluation process can be considerably simplified if T is decomposed as T = X tAX,
where A is a diagonal matrix of eigenvalues of T and X is an invertible matrix whose columns
are the corresponding eigenvectors. Therefore, the evaluation of T™ ! becomes the evalua-
tion of X " TA™ !X only.

Note that T is a block diagonal matrix. To find the eigen decomposition of T, we first

find the eigen decomposition of each diagonal block T, of T:
T, =X, 'A Xy, (W=0,1,--+,n—1).

Since each diagonal block T, is of size 7 x 7, its eigen decomposition can be calculated
explicitly. X, A and X! are then formed as block diagonal matrices with diagonal blocks

being X, A, and X_!, respectively. Consequently, S(u,v) can be expressed as:

S(u,v) = W'K™Z,A™ 'ZG (2.4)

where Z = XH3H,H; and Z, = D;MP,AZ~!. For any given n, these matrices are known
explicitly.
There are totally n + 6 different eigenvalues in A. These different eigenvalues of T are:

Ao = (da, — 1+ /1602 — 8, + 83, — 3)/8

A = (4o, — 1 — /1602 — 8cx,, + 863, — 3 )/8
Aw = (€y+5++/c2+10c,+9)/16

Aowi1 = (cy+5—+/c2 +10¢c, +9)/16

At = 1

Anss = 1/8

Anys = 1/16

Anja = 1/32

Ays = 1/64

where 1 <w < n/2, ¢, = cos(2nw/n), and «,, and S, are defined in (1.1). It is easy to check

that A\g > A\; and Ay > A; for 3 <1 <mn.



2.6 Evaluation of a CCSS Patch

In this section we show how can Eq. (2.4) be used in the efficient evaluation of a CCSS
patch at a given (u,v). Eq. (2.4) can be used for both extra-ordinary and regular patches
because the derivation of Eq. (2.4) did not use the assumption that n # 4.

First note that S(u,v) defined in Eq. (2.4) can be written as a linear combination of

these different eigenvalues in A to the (m — 1)st power:

n+5
S(u,v) = WK™ A" (2,0,7)G,

j=0
where ©; is a 7n x Tn matrix with all the entries being zero except the ones corresponding
to A; in matrix A. Those entries of ©; are 1. Let M, ; = 7,0,7. We get

n+5
S(u,v) = WK™ ) A M, G (2.5)

j=0
The exact expressions of M, ; are shown in the end of this chapter. Eq. (2.5) is the most
important result of this report [60, 61, 62, 63, 64, 65, 66, 67, 69]. This equation can be used
to evaluate a CCSS patch at any point (including (0, 0)), and it can also be used to compute
the derivative of a CCSS patch at any point (including (0,0) as well). The patch can be
regular or extra-ordinary.
Note that for any m > 0, we have W7 (u, v)K™ = WT(2™u, 2™v). Define

Dy (u,v) = WT(Qmu,va))\g’kle,j,

Op(u,v) = Z?;rg’ Dy, (u,v).
®;, j(u,v) are called the jth eigen basis function of CCSSs. There are totally n+6 eigen basis
functions and for any given (u,v), every eigen basis function can be exactly and explicitly
represented. It is esay to check that all the eigen basis functions satisfy the so called scaling
relation [22, 25]:

Dy (u/2,v/2) = NPy (u,v)



With the above definition, Eq. (2.5) can be represented as
S(u,v) = ®p(u,v) G,

which is used for fast rendering in our implementation.
One can compute the derivatives of S(u, v) to any order simply by differentiating W (u, v)

in Eq. (2.5) accordingly. For example,

0 oW
6_S(U’ v) = (=)

u Ou
2.7 Behavior Around an Extra-Ordinary Point

2.7.1 Limit Point of an Extra-Ordinary Vertex
Eq. (2.5) not only can be used for evaluation purpose, but analytic derivation as well. For
example, one gets the limit point of an extra-ordinary vertex simply by setting u = v = 0

and m — oo in Eq. (2.5):

S(an) - []-aoa T 70] ' M2,n+1 -G
5V+ (1280 +87n ) E+(28n 487, )F (2.7)
5+145,, +167n

where E = (3°7 | E;)/n and F = (37" | F;)/n. This result generalizes Eq. (13) of [14].

2.7.2 Partial Derivatives Around an Extra-Ordinary Vertex

It is known the first partial derivatives of S(u, v) at (0, 0) diverge in a natural parametrization
[8]. However, knowing the directions of them is sufficient in many applications. As pointed
out by [5], when A\g > A5, a general Catmull-Clark subdivision surface is not C' continuous.
Suppose Ay < Ay, dividing both sides of Eq. (2.6) by 2™A7* !, and by setting u = v = 0 and

m — 00, we get
D,(0,0)=10,1,0,0,---.,0] - Ms» -G
D,(0,0) =10,0,1,0,---,0]- My, -G

where D, and D, are the direction vectors of as{gg,o) and asgi,o)j respectively. The normal

vector at (0,0) is the cross product of them. Similarly, when Ay < Ay, it is easy to calculate



the second partial derivatives at (0,0). These derivatives are listed as follows.

‘DUU(O’O) - [0’070a270a 70]'M2,2'G
DUU(OJO) - [070707071707 70] 'M2,2'G
D’U’U(OJ 0) = [07 07 07 07 07 27 07 70] ' M2,2 G

2 2 2
where D,,,, D,, and D,, are the direction vectors of 9 5‘270) 9°8(00) nd %

Ou? ' Oudv P reSpectlvely,

Since My 5 is explicitly and exactly known, all these vectors can be calculated once G is given.

2.7.3 Proof of tangent plane continuity
With the explicit expressions of partial derivatives of S(u,v) at (0,0), some properties of
CCSS at an extra-ordinary point can be proved easily. For instance, one can prove that
when Ay < Ay, there exists a common tangent plane at an extra-ordinary point.

The tangent plane continuity property has been proven by many people with different
approaches [5, 14, 16, 17]. Here a simple proof using our parametrization results is given
below.

Expand D, and D,, we have

D, = Z?:l ei-E; + Zz’nzlfi -F;
D,=%" 6 -E+>", fi-F,

where
_ 5 A 5
€; = thl T11C(i—t42), €; = thl Tt2C(i—t+2)
3 5 ; 5
fi= thl Tt3C(i—t42), fi= thl Tt4C(i—142))

where ¢, = cos(2mw/n). All scalars z;;’s in the above definitions depend on valance n only
and can be derived from M, 4 explicitly. To prove the existence of a common tangent plane
at an extra-ordinary point, one needs to show that computation of the normal vector is
independent of k (the ID of a face adjacent to an extra-ordinary point [5], which determines

the order of the control points of a patch):

n n n

(Z eiBix + Z fiFisr) ¥ (Z el + Z fiFisk).

i=1 i=1 i=1



To prove this, it is sufficient to show that >  e;E;1x x Y éE; , is independent of k. The

other parts can be proved similarly. Note

n

Z éikai X Z éj,kE]‘ = Z(éifkéjfk — éjfkéifk)Ei X Ej

i=1 j=1 i<j
To prove the above expression is independent of k, we only need to prove (€;_€;_—e€;_é;_x)
is independent of k:

€i-kCj—k — €j—kCi—k
- Zlgs,tgt') 'rLISl',I:tQ(Ci—k—s+ZCj—k—t+2 - Cj—k—s+2(:i—k—t+2)
= Zlgs,t§5 Ts1Lt2 (Cifjfs—H - ijifs+t)/2

which is independent of k. Hence all the patches sharing a common extra-ordinary point
have the same normal vector at the extra-ordinary point. Therefore, there exists a common
tangent plane at an extra-ordinary point.

When A\g > Ag, it can be proved similarly that the resulting surface does not have a
common tangent place [5]. In fact, Eq. (2.5) and Eq. (2.6) can be used for many other
analytic purposes as well. For example, the curvature property at an extra-ordinary point
can be explicitly analyzed using these two formulas [6].

Although most of these properties of CCSS around an extra-ordinary vertex are well
known, an explicit parametrization of CCSS nevertheless makes the analyzing process much
more simpler and intuitive. Moreover, our results possibly can be used for studying other un-
known properties of CCSS as well. For instance, it is possible to investigate the integrability

of a CCSS using the parametrization technique presented in this chapter.

2.8 Applications

2.8.1 Fast, Exact and Explicit Rendering

Eq. (2.5) not only gives us an explicit method to evaluate S(u,v), but also a faster and
convenient way to render S(u, v). Note that M, ; depend on the valence of the extra-ordinary

vertex only. They can be explicitly and analytically computed for every different valence.



Figure 2.4: left: Control mesh of a horse model, right: exactly evaluated Catmull-Clark
subdivision surface.

For a given valence, we only need to perform such calculation once, no matter how many
patches in the mesh are with such a valence. Once the step sizes for v and v are given, we
can calculate all ®(u;, v;) beforehand and store them in a look-up table. Therefore, the
evaluation of S(u, v) at each point (u;, vy) basically is just a multiplication of ®y(u;, vg) and
G only. An algorithm of the fast rendering process is shown below:

CCSS-Rendering(Mesh, ustep, vstep,fn,Vn)

1.  For each valance n involved in input Mesh

2. Foru=0:1": ustep and For v =0: 1 : vstep

3. Calculate ®;(u,v)

4. For each patch whose valance is n in input Mesh

5. Find its 2n + 8 control points G

6. For u =0:1: ustep and For v =0: 1 : vstep

7. calculate each S(u,v) and its normal using Eq. (2.5)

8. Display all these S(u,v)’s
All the examples shown in this chapter are rendered using this algorithm. One can see

that it is essentially the same as the rendering process of a regular patch. An important



difference between this approach and the previous approach [22] is that nothing need to be
precomputed when our method is used, while the the Stam method [22] need to precompute
a huge number of eigen basis functions and stored them in a file. In addition, the previous
approach [22] was developed for special «,, and (3, only. Therefore, it cannot handle general
eigen basis functions while we can calculate all the eigen basis functions explicitly with only
a small overhead. The horse shown in Fig. 2.4 (right) is rendered using this algorithm with
all the positions and normals exactly computed, not approximated. Hence, the quality of
the image is better than those generated through the subdivision process. Fig. 2.4 (left) is

the control mesh of the shape shown in Fig. 2.4 (right).

(a) Mesh with tripled edges (b) Surface with special features

Figure 2.5: Generating special features using Catmull Clark subdivision surfaces



2.8.2 Generating Special Features

Eq. (2.5) can be used to render subdivision surfaces with special features. As we know,
special features can be generated by properly arranging the control mesh. For instance,
tripling a line in the control mesh generates a ridge or edge-like feature; tripling a control
point generates a dart-like feature. One can get subdivision surfaces with complicated fea-
tures and, consequently, complicated shape through this process. However, no matter how
complicated the topology of the control mesh, as long as it is a two-manifold (to satisfy the
definition of a CCSS), Eq. (2.5) will always generate the correct result. An example of a
CCSS with sharp edges, corners and several genera is shown in Fig. 2.5. The control mesh
of the surface is shown in Fig. 2.5(a). Since the features are generated from parametrization
of the control mesh directly, the result shown in Fig. 2.5(b) is better than those generated

by Boolean operations.

2.8.3 Texture Mapping

Precise texture mapping on a CCSS is possible only if a proper parametric representation is
available for each extra-ordinary patch.

Without a proper parametrization,texture mapping on object of any topology is almost
impossible. Now with Eq. (2.5), texture mapping is doable on any object of any genus.

However, to implement texture mapping on a CCSS, one needs to divide the interior
faces of the control mesh into regions such that each region is of a rectangular structure first.
Such a division will be called a regular division. The division is not unique.

Figure 2.6 shows a division of the interior faces of a CCSS into seven rectangular regions.
Once a regular division of the interior faces of the control mesh is available, one simply
performs texture mapping on each of these regions using standard approach. Examples of
texture mapping on three subdivision surface represented objects: a rocker arm, a space

station and a leopard are shown in Fig. 2.7(a), 2.7(b), and 2.7(c), respectively. The regular
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Figure 2.6: Regular division of the control mesh of a CCSS.

division usually is not unique. Different divisions of the interior faces of the control mesh

would lead to different texture outputs.

2.8.4 Surface Trimming

Surface trimming is another important application used in computer graphics and CAD/CAM.
The trimming loops are defined in the parameter space of the surface and iso-parametric lines
in the parameter space are clipped against the trimming loops to have the trimmed regions
removed. Hence, a global or local parametrization is necessary for precise and efficient ren-
dering of a trimmed CCSS. In Fig. 2.8.4, trimmed CCSSs surface are shown. In Fig. 2.8(a),
the trimmed regions are defined by the logo of the 2006 International CAD Conference, and
in Fig. 2.8(b), the trimmed regions are defined by the boundaries of the word ‘SIGGRAPH’.
The CCSS surface has four extra-ordinary vertices in the trimmed region, but partitioning
of the control mesh is not required here because the surface is rendered on the basis of

individual patches.



(a) Rock Arm (b) Leopard (c) Space Station

Figure 2.7: Texture mapping on Catmull-Clark subdivision surfaces

Figure 2.8: Surface trimming on Catmull-Clark subdivision surfaces



2.8.5 Adaptive Rendering

Adaptive rendering is a technique for fast rendering of complicated objects. The rendering
process of a patch depends on its flatness. A flat patch will not be tessellated as densely as
other patches. Adaptive rendering is not a problem with (2.5) because Eq. (2.5) is capable
of generating any point of the surface required in the tessellation process. One thing we must
keep in mind is that, in order to avoid crack, we must generate the same number of points
on the shared boundary of adjacent faces. But we can generate any number of points, even
zero, inside a patch. An example of adaptive rendering is shown in Fig. 2.8.5. Fig. 2.9(c)
is the given ventilation control component model which is represented by a single CCSS.
Its control mesh is shown in Fig. 2.9(a). The adaptive tessellation of the model is shown
in Fig. 2.9(b). The flatness of patches is determined by the maximum norm of the second
order forward differences of its control points. More details about the adaptive tessellation

technique is presented in Chapter 6.

(a) Given Mesh (b) Adaptive Tessella- (c) Limit Surface
tion

Figure 2.9: Adaptive tessellation of Catmull-Clark subdivision surfaces



2.8.6 Interpolation

Performing exact interpolation on meshes with arbitrary topology has been done by many
people [29, 30, 28, 14, 31]. Given an control mesh the goal is to produce a smooth and
visually pleasing surface whose shape matches the original data points or given normals in
the given mesh exactly. Usually many constrains on the interpolatory surface need to be
considered when optimization is used. For example, in [14], some energy fairing constrains
are taken into account in building a global system. Because there was not an available explicit
parametrization, the fairing process appeared to be very complicated in [14]. However, with
our explicit parametrization and evaluation, all kinds of constrains can be integrated into
the global system. For example, Fig. 2.10(b) is the interpolating result of the mesh given
in Fig. 2.10(a) using the first, second and third derivatives as the constrains. More details

about the interpolating meshes of arbitrary topology are presented in Chapter 3.

(a) Given Mesh (b) Interpolation

Figure 2.10: Interpolation using Catmull-Clark subdivision surfaces



2.8.7 Boolean Operations

In solid modelling, an object is formed by performing Boolean operations on simpler objects
or primitives. A CSG tree is used in recording the construction history of the object and
is also used in the ray-casting process of the object. Surface-surface intersection (including
the in-on-out test) and ray-surface intersection are the core operations in performing the
Boolean operations and the ray-casting process. Each operation requires a parametrization
of the surface to do the work. This is especially important for the in-on-out test. None of
these is a problem with Eq. (2.5). Examples of performing Boolean operations on two and
three cows are presented in Figure 2.11(a) and 2.11(b), respectively. A difference operation
is first performed to remove some portions from each of these cows and a wunion operation
is then performed to join them together. Performing Boolean operations on subdivision sur-
faces has been studied by Biermann, Kristjansson, and Zorin [7]. The emphasis of their work
is different though - they focus on construction of the approximating multiresolution sur-
face for the result, instead of precise computation of the surface-surface intersection curves.
More details about performing Boolean operations on surfaces with arbitrary topology are

presented in Chapter 5.

2.9 Summary

New parametrization and evaluation techniques for extra-ordinary patches of CCSSs are
presented in this chapter. The parametrization is obtained by performing subdivision on a
group of same-frequency point sets after a few linear transformations, not on the control ver-
tices themselves directly. This results in a block diagonal matrix with constant size diagonal
blocks (7 x 7) for the corresponding subdivision process. Consequently, eigen decomposition
of the subdivision matrix is always possible and is simpler and more efficient. Besides, the
new approach works for the general CCSSs, not just a special case. The evaluation process

using this parametrization works for both extra-ordinary and regular CCSS patches.



(a) (b)

Figure 2.11: Performing Boolean operations on Catmull-Clark subdivision surfaces

One thing has to be pointed out here. The exponent m in (2.5) can not be cancelled
out. This is because when ); is not a multiple of 1/2, m — 1 in K™ ! and A;"’le,j does not

cancel out. Hence, when n # 4, there does not exist a matrix M such that S(u,v) = WITMG.



Chapter 3

Subdivision Depth Computation for
Catmull-Clark Subdivision Surfaces

In this chapter, a new subdivision depth computation technique for extra-ordinary Catmull-
Clark subdivision surface (CCSS) patches is presented. The new technique improves a previ-
ous technique by using a matrix representation of the second order norm in the computation
process. This enables us to get a more precise estimate of the rate of convergence of the
second order norm of an extra-ordinary CCSS patch and, consequently, a more precise sub-

division depth for a given error tolerance.

3.1 Introduction

Given a Catmull-Clark subdivision surface (CCSS) patch, subdivision depth computation is
the process of determining how many times the control mesh of the CCSS patch should be
subdivided so that the distance between the resulting control mesh and the surface patch
is smaller than a given error tolerance. Good subdivision depth computation techniques
are important because they allows us to meet precision requirement in applications such as
trimming, finite element mesh generation, boolean operations, and tessellation of a CCSS
without excessively subdividing its control mesh.

A good subdivision depth computation technique requires precise estimate of the distance

ol



between the control mesh and the limit surface. Optimum distance evaluation techniques
for regular CCSS patches are available [10, 18]. Distance evaluation for an extra-ordinary
CCSS patch is more complicated. A first attempt in that direction is done in [10]. The
distance is evaluated by measuring norms of the first order forward differences of the control
points. Since first order forward differences can not measure the curvature of a surface but
its dimension, the distance computed by this approach is usually bigger than what it really is
for regions already flat enough and, consequently, leads to over-estimated subdivision depth.

An improved distance evaluation technique for extra-ordinary CCSS patches is presented
in [64]. The distance is evaluated by measuring norms of the second order forward differences
(called second order norms) of the control points of the given extra-ordinary CCSS patch.
Since second order forward differences can measure both height and width of a region, the
distance computed by this approach reflects curvature of the patch and, hence, leads to
reasonable subdivision depths for regions already flat enough. However, it has been observed
recently that, for extra-ordinary CCSS patches, the convergence rate of second order norm
changes with the subdivision process, especially between the first subdivision level and the
second subdivision level. Therefore, using a fixed convergence rate in the distance evaluation
process for all subdivision levels would over-estimate the distance and, consequently, over-
estimate the subdivision depth as well.

In this chapter we present an improved subdivision depth computation method for extra-
ordinary CCSS patches. The new technique uses a matrix representation of the maximum
second order norm in the computation process to generate a recurrence formula. This recur-
rence formula allows the smaller convergence rate of the second subdivision level to be used
as a bound in the evaluation of the maximum second order norm and, consequently, leads
to a more precise subdivision depth for the given error tolerance.

The remaining part of the chapter is arranged as follows. A brief review of the background

is given in Section 2. A matrix based subdivision depth computation technique for extra-



ordinary CCSS patches is presented in section 3. Examples showing the new technique

improves the old one are presented in Section 4. Concluding remarks are given in Section 5.

3.2 Problem Formulation and Background

Given a control mesh M = My, let S be its Catmull-Clark subdivision surface (CCSS). For
each interior face F of M, there is a corresponding patch S in the limit surface S. The
control mesh of S contains F as the center face. If we perform a Catmull-Clark subdivision
step on the control mesh, we get four new mesh faces in the place of F. This is the case no
matter F is a regular face or an extra-ordinary face. See Figure 3.1(b) for the four new faces
Foo, F19, Fo1 and Fy; in the place of the extra-ordinary face F shown in Figure 3.1(a). Since
each of these new faces corresponds to a quarter subpatch of S, we shall call these new faces
subfaces of F even though they are not pyhsically subsets of F. Therefore, each subdivision
step generates four new subfaces for the center face F of the control mesh. Because the
correspondence between F and S is one-to-one, sometime, instead of saying performing a

subdivision step on S, we simply say performing a subdivision step on F.
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Figure 3.1: (a) Control mesh of an extra-ordinary patch; (b) new vertices and edges generated
after a Catmull-Clark subdivision.

The distance between an interior mesh face F and the corresponding patch S is defined



as the maximum of ||L(u,v) — S(u,v)]:

Dy = mazyveq ||L(w, v) — S(u, v)|| (3.1)

where () is the unit square parameter space of S and L(u,v) is the bilinear parametrization
of F on ). Dy is also called the distance between S and its control mesh. For a given
e > 0, the subdivision depth of F with respect to € is a positive integer d such that if F is
recursively subdivided d times, the distance between each of the resulting subfaces and the
corresponding subpatch is smaller than e. In the following, we review some of the previous

results needed in the new work.

3.2.1 Distance Evaluation for a Regular Patch

Figure 3.2: Definition of L(u,v) = (1 — v)Lq(u) + vLa(u) = (1 — 1)Ly (v) + uLa(v).

Let S(u,v) be a uniform bicubic B-spline surface patch defined on the unit square
2 = [0,1] x [0,1] with control points V;;, 0 < 4,5 < 3, and let L(u,v) be the bilinear

parametrization of the center mesh face {Vy1, Va1, Voo, Vio} (see Figure 3.2):

L(u,v) = (1 —0)[(1 —u)Vii+uVa] +0[(1 —u)Vis+uVy,], 0<u,v<1.



Then the distance between S(u,v) and L(u,v) satisfies the following lemma [10].

Lemma 1: The distance between L(u,v) and S(u, v) satisfies the following inequality

1
< —
onax, |IL(u,v) —S(u,v)|| < =M

w

where M is the second order norm of S(u,v) defined as follows
M =max{ [12Vi; = Vi1j = Viagll . [12Vij = Vijo = Vigal } (3.2)

3.2.2 Subdivision Depth Computation for Extra-Ordinary Patches

The distance evaluation mechanism of the previous subdivision depth computation technique
for extra-ordinary CCSS patches utilizes second order norm as a measurement scheme as
well [64], but the pattern of second order forward differences (SOFDs) used in the distance

evaluation process is different from (3.2).
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Figure 3.3: (a) Ordering of control points of an extra-ordinary patch. (b) Ordering of new
control points (solid dots) after a Catmull-Clark subdivision.

Let V;, i = 1,2,...,2n + 8, be the control points of an extra-ordinary patch S(u,v) =

S{(u,v), with V; being an extra-ordinary vertex of valence n. The control points are or-
dered following J. Stam’s fashion [22] (Figure 3.3(a)). The control mesh of S(u, v) is denoted

II = II). The second order norm of S, denoted M = My, is defined as the maximum norm



of the following SOFDs. There are 2n + 10 of them.
M =maz{ { [|2V1 — Va; = Voiy1)%nsn)ll | 1 <0 <n} U {|12Vaanni1) — Vaitr = Vogninall | 1 <@ <n}
U {[[2V3=Va—Va g |, [|2Va = V1 = Vo7 ||, [ 2V5 = Vs = Vauig ||, [| 2Vani3 — Vanys — Vanga ||,
| 2V7z — Vs — Vo,i5 |, || 2Ve — Vi — Vaouqa ||, || 2Vs — Vi — Vouys ||, || 2Vants — Vonge — Vangr ||,

Il 2Vant7 — Vonie — Vangs I, || 2Vantsa — Vangs — Vouys || } }
(3.3)

By performing a subdividion step on II, one gets 2n+17 new vertices V;, i =1,...,2n+17
(see Figure 3.3(b)). These control points form four control point sets IT}, 17, I} and II},
representing control meshes of the subpatches S}, Si, S and S}, respectively (see Figure
3.3(b)) where I = {V} | 1 <i < 2n+ 8 }, and the other three control point sets I13, I13
and II} are shown in Figure 3.4. S} is an extra-ordinary patch but Si, S and S} are regular
patches. Therefore, second order norm similar to the one defined in (3.2) can be defined for
Si, S} and S}, while a second order norm similar to (3.3) can be defined for the control mesh
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Figure 3.4: Control vertices of subpatches S}, S and Si.

of Sj. We use M; to denote the second order norm of Sj. This process can be iteratively
repeated on S}, S2, S3, ... etc. We have the following lemma for a general Sf and its second
order norm M, [64].

Lemma 2: For any k£ > 0, if M}, represents the second order norm of the extra-ordinary
sub-patch SF after & Catmull-Clark subdivision steps, then M, satisfies the following in-
equality

%Mk, n=3
M1 < 2B My, n=>5
(3 + 2= My, n>5

Actually, the lemma works in a more general sense, i.e., if M}, stands for the second order
norm of the control mesh My, instead of II¥, the lemma still works. The second order norm



of My, is defined as follows: for regions not involving the extra-ordinary point, use standard
SOFDs; for the vicinity of the extra-ordinary point, use SOFDs defined in (3.3). The proof
is essentially the same.

Distance Evaluation

To compute the distance between the extra-ordinary patch S(u,v) and the center face of its
control mesh, F = {V, V4, V5, V4}, we need to parameterize the patch S(u,v) first.

v
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Figure 3.5: Q-partition of the unit square.

By iteratively performing Catmull-Clark subdivision on S(u,v) = S, S}, S2, ... etc, we
get a sequence of regular patches { S7” }, m > 1, b = 1,2, 3, and a sequence of extra-ordinary
patches { Sy* }, m > 1. The extra-ordinary patches converge to a limit point which is the
value of S at (0,0) [14]. This limit point and the regular patches { S;* }, m > 1,b=1,2,3,
form a partition of S. If we use (2" to represent the region of the parameter space that
corresponds to S;” then { Q" }, m > 1, b = 1,2,3, form a partition of the unit square
Q2 =10,1] x [0,1] (see Figure 3.5) with

1 1 1 1 1 1 1 1 1 1
x [0, 2_m]= Q7 = x| Q5 =0, Q—m]X[Q—maW]-
(3.4)
The parametrization of S(u, v) is done as follows. For any (u,v) € Q but (u,v) # (0,0), first
find the " that contains (u,v). m and b can be computed as follows.

Qm =— — - - -
1 [2m’ 2m71] om’ 2m71] om’ 2777,71]7

1, of 2™u>1and 2mv <1
m(u,v) = min{[logsu], [logiv]},  blu,v) =4 2, if 2"u=1and 2™ >1  (3.5)
3, if 2"u<1and2™v >1

Then map this 2}* to the unit square with the following mapping
(u,v) = (U, Vm)

where
omi if 2mt <1

2m — 1, of 2™t > 1 (3.6)

tm = (2™)%1 = {



The value of S(u,v) is equal to the value of S}* at (U, vim), i-€.,
S(u,v) = S} (U, Urn)-

Let L}"(u, v) be the bilinear parametrization of the center face of S}*’s control mesh. Since
S} is a regular patch, following Lemma 1, we have

m m 1 m
15" (u, 0) = 83w, v) || < S M;

where M;" is the second order norm of the contol mesh of Sj*. The second order norm of
S} is smaller than the second order norm of M,,,, M,,. Hence, the above inequality can be
written as

m m 1
" (w, v) = 85" (w, )| < 5 M. (3.7)

If we use L(u,v) to represent the bilinear parametrization of the center face of S(u,v)’s
control mesh F = {Vl, VG, V5, V4}

L(u,v) =(1—=0)[(1 —u)Vi+uVe +v[(1 —u)Vs+uVs], 0<uv<1
then the maximum distance between S(u,v) and its control mesh can be written as
| L(u,v) = S(u,0) [| < || Lu,v) = Lg" (U, vm) || + [[Lg" (U, 0m) = S(u,v) || (3.8)

where 0 < u,v < 1 and u,, and v,, are defined in (3.6). The second term on the right hand
side of the inequality can be evaluated using (3.7). Hence, one only needs to work with the
first term on the right hand side of the inequality.

It is easy to see that if (u,v) € Q" then (u,v) € QF for any 0 < k < m where

1

QIS = [07 Q_k]

ﬁ] X [07
QF corresponds to the subpatch SE. This means that (2%u,2v) is within the parameter
space of SF for 0 < k < m, ie., (2%u,2fv) = (ug,v) where uy and v, are defined in
(3.6). Consequently, we can consider L¥(ug,v;) for 0 < k < m where L{ is the bilinear
parametrization of the center face of the control mesh of SE (with the understanding that
L) = L and (ug,v9) = (u,v)). Hence, the first term on the right hand side of (3.8) can be
written as

m—2

I Gaty0) L s vl < ST L (g 0)~LE (g0, 0 ) [+ (13 00 1) L (s v
k=0
(3.9)
The following two lemmas are needed in the evaluation of the right side of the above in-
equality.



Lemma 3: If (u,v) € j” where b and m are defined in (3.5) then for any 0 <k <m—1
we have

1

| L (ug, vr) — LT (ugsr, vpr) || < ka

where M;, is the second order norm of My and LY = L.
Lemma 4: If (u,v) € Q" where b and m are defined in (3.5) then we have

iMmfla Zf b=2

I mel(um,l,wm,l) — L (tgn, o) || <
‘ ’ M1, if b=1or3

where M,,_ is the second order norm of M,,,_;.
By applying Lemmas 3 and 4 on (3.9) and then using (3.7) on (3.8), we have the following
lemma on the distance between an extra-ordinary CCSS patch S(u,v) and its control mesh

L(u,v) [64].

Lemma 5: The maximum of || L(u,v) — S(u,v) || satisfies the following inequality

(Mg, n=23

%Mo, n==>5
L(u,v) — S(u,v) || < < 3.10
IBwn) =Sl ¢ (3.10)

2

n
\ 4(n? _8n146) My, n>38

where M = M, is the second order norm of the extra-ordinary patch S(u,v).

Subdivision Depth Computation

Lemma 5 can be used to estimate the distance between a level-k control mesh and the surface
patch for any £ > 0. This is because the distance between a level-k£ control mesh and the
surface patch is dominated by the distance between the level-k extra-ordinary subpatch and
the corresponding control mesh which, accoriding to Lemma 5, is

Mk, n=3
| Ly(u,v) — S(u,v) || < { =M, b <n<8
n2
4(n278n+46)Mk7 n>38

where My is the second order norm of S(u,v)’s level-k control mesh My. The previous
subdivision depth computation technique for extra-ordinary surface patches is obtained by
combining the above result with Lemma 2 [64].



Theorem 6: Given an extra-ordinary surface patch S(u,v) and an error tolerance e, if
k levels of subdivisions are iteratively performed on the control mesh of S(u,v), where

M
k= {logw—-‘
z€

with M being the second order norm of S(u, v) defined in (3.3),

3 n=3 1, n=3
25 _ _ 25
w = E’ TL—5 and Z = 18° 5_n§8
4n? 2(n?—8n+46)
3n2+8n—46’ n>5 R — n>8

then the distance between S(u,v) and the level-k control mesh is smaller than e.

3.3 New Subdivision Depth Computation Technique
for Extra-Ordinary Patches

The SOFDs involved in the second order norm of an extra-ordinary CCSS patch (see eq.
(3.3)) can be classified into two groups: group I and group II. Group I contains those SOFDs
that involve vertices in the vicinity of the extra-ordinary vertex (see Figure 3.6(a)). These
are the first 2n SOFDs in (3.3). Group II contains the remaining SOFDs, i.e., SOFDs that
involve vertices in the vicinity of the other three vertices of S (see Figure 3.6(b)). These are
the last 10 SOFDs in (3.3). It is easy to see that the convergence rate of the SOFDs in group
IT is the same as the regular case, i.e., 1/4 [10]. Therefore, to study properties of the second
order norm M, it is sufficient to study norms of the SOFDs in group I. The maximum of these
norms will be called the second order norm of group I. We will use M = M, to represent
group I's second order norm as well because norms of group I's SOFDs dominate norms of
group II’'s SOFDs. For convenience of reference, in the subsequent discussion we shall simply
use the term “second order norm of an extra-ordinary CCSS patch” to refer to the “second
order norm of group I of an extra-ordinary CCSS patch”.

3.3.1 Matrix based Rate of Convergence

The second order norm of S = S can be put in matrix form as follows:

M = [|AP|



Figure 3.6: (a) Vicinity of the extra-ordinary point. (b) Vicinity of the other three vertices
of S.

where A is a 2n x (2n + 1) matrix

2 -1 0 0 O -1 0 O 0 07
2 0 0 -1 0 00 —1 0 0
2 0 0 0 0 -1 0 0 0 0
A=|2 0 0 -1 0 00 O -1 0
o 2 -1 0 0 00 0 0 -1
o o0 -1 2 -1 00 0 0 O

Lo 0 o o o o0 0 -- 2 -1 ]

and P is a control point vector
— IV, V. V v T
P_[ 1, 2 3y 2n+1] :

A is called the second order norm matriz for extra-ordinary CCSS patches. If i levels of
Catmull-Clark subdivision are performed on the control mesh of S = S) then, following the
notation of Section 2, we have an extra-ordinary subpatch S} whose second order norm can
be expressed as:

M; = [|ANP

where A is a subdivision matrix of dimension (2n 4 1) * (2n + 1). The function of A is to
perform a subdivision step on the 2n + 1 control vertices around (and including) the extra-
ordinary point (see Figure 3.6(a)). For example, when n = 3, A is of the following form:



[ 5/12 1/6 1/36 1/6 1/36 1/6 1/36
3/8 3/8 1/16 1/16 0 1/16 1/16
1/4 1/4 1/4 1/4 0 0 0

A=| 3/8 1/16 1/16 3/8 1/16 1/16 0

/4 0 0 1/4 1/4 1/4 0

3/8 1/16 0 1/16 1/16 3/8 1/16

1/4 1/4 0 0 0 1/4 1/4

We are interested in knowing the relationship between ||AP||_ and |[AA'P||__. We need two
lemmas for this relationship. The first one shows the explicit form of ATA where AT is the

pseudo-inverse of A. The second one shows that ATA can act as a right identity matrix for
AN’

Lemma 7: The product of the second order norm matrix A and its pseudo-inverse ma-
trix A" can be expressed as follows:

H, n=2~k+1
ATA={ H+E, n =4k + 2 (3.11)
H+E+W+7Z, n = 4k

where k is a positive integer, and H, E;, W and Z are (2n + 1) * (2n 4+ 1) matrices of the



following form with H being a circulant matrix:

00 0 0 0 0 0
00 0 0 0 0 0
- . 00 -1 0 1 0 1
3’;; jj 00 0 0 0 0 0
L _ _ E_10010—10 -1
= ont1 : : ) —n |00 0 0 0 O 0 |-
~1 -1 om —1 : :
| -1 —1 2 00 -1 0 1 0 1
00 0 0 0
00 1 0 —=10 -1
[0 00 00 0 000 0 0 0 0 0 |
0 -1 0 00 0 00 -10 1 0 1
0 -1 0 —-10 0 00 -20 0 0 0
0 00 —10 0 00 10 ~-10 -1
0 10 -1 0 0 00 0 0 —-20 —2
W_lo10 00 0 Z_10010—10 -1
=3[0 10 10 0| =% |00 2 0 0 0 0
0 00 10 0 00 1 0 1 0 1
0 -1 0 10 0 00 0 0 2 0 2
0 00 10 0 00 1 0 1 0 1
[0 -1 0 10 0 00 0 0 2 0 2

Proof We prove that if n = 2k + 1 for some positive integer k then A*A = H where H
is defined above.
From properties of pseudo-inverse matrices [9], we know that

ATA = AFA

where AL is a left weak generalized inverse matriz of A, i.e., A¥ is a matrix satisfying the
following conditions

AALZA = A
ALAAL = AL (3.12)
(AZA)T = AZA

Thus, to prove ATA = H, we just need to show that there exists a left weak generalized
matrix A® of A such that A*A = H. We first prove that there exists a (2n+ 1) * (2n) matrix
C such that

CA=H. (3.13)



(3.13) is equivalant to
ATCT =AT[C, Cy -+ Coppa] =H' =H =[H; Hy --- Hy, 4]

where CT are row vectors of C and H; are column vectors of H. This is a system of 2n + 1
linear equations: ATC; = H;, i = 1,2,...,2n + 1. Each of these systems has a solution C;
because o

rank(AT) = rank(AT) < 2n +1

where AT = [AT H;]. Hence, there is at least one solution for C in (3.13) when n = 2k + 1.
It can be proved that there is no solution for CA = H when n = 4k 4+ 2 because for

some C; we would have rank(AT) < rank(AT). However, there is at least one solution for
CA =H+E. Same for CA=H+E+ W + Z when n = 4k.

It is easy to verify that, when n = 2k + 1, the matrix C satisfies conditions 1 and 3 in
(3.12), i.e.,
ACA=AH=A and (CA)T = CA.

As far as the second condition is concerned, there are two possibilities for CAC:
Case 1: CAC=C

In this case, C is a left weak generalized inverse of matrix A. Hence, we have ATA =
CA =H.

Case 2: CAC = C + D, where D # 0.

We claim, in this case, C + D is a left weak generalized matrix of A and C + D is also a
solution of (3.13). We first show that C + D is also a solution of (3.13). Note that H? = H.
Hence, we have:

(C+D)A =CACA =H? =H = CA.

This also shows that DA = 0. To prove that C + D is a left weak generalized matrix of A,

note that
A(C+ D)A = ACA + ADA = ACA = A, and

(C+D)A(C + D) = CA(C + D) + DA(C + D) = CA(C + D)
— CAC+CAD =CAC=C+D

The second equation is true because
CAC = CACAC = CA(C+ D) = CAC + CAD.

Therefore, the first and second conditions of (3.12) are satisfied. We also have ((C+D)A)T =
(C+ D)A because (C + D)A = H and H is a symmetric matrix. Hence, C 4+ D is indeed a
left weak generalized matrix of A. Consequently, we have ATA = (C + D)A = H.



The other two cases n = 4k + 2 and n = 4k can be proved similarly. O
Lemma 8: A*A is a right identity matrix of AA?, i.e., AN'ATA = AA?, for any i.

Proof We prove the case n = 2k+1 first. Let F be a (2n+1) % (2n+ 1) Fourier transform
matrix

1 1 1 1 1
1 w w2 .. w2n71 w2n
P 1 1 w? w* .. win2 yin
Vv2n+1
1 w2 w4n .. w4n272n w4in2

2mi/(2n+1)

where w = e . It is easy to see that

1 0 - 0
00 - 0
F*HF =1—-| . . .
00 - 0

where T'is a (2n + 1) % (2n + 1) identity matrix. Hence, when n = 2k + 1 we have

10 0
. . ) _ 00 --- 0
AAN'ATA = ANH = ANFF*HFF* = ANF(I— | . . F*
00 - 0
10 --- 0 11 --- 1
) ) [00---0-‘ _ _[11...1-‘
= AN — AAN'F | | Ff = AAY — ANV | .
00 0 11 1
Note that
1 1 - 1
11 --- 1
AN | 1 =0
11 --- 1

because the row sum of A is 0 and row sum of A is 1. Hence, we have AA* = AA’AT A when
n =2k + 1.

We next prove the lemma for n = 4k 4+ 2. Note that in this case AE = iE and AE = 0.
With these results we have

AANE = %AE = 0.



Hence, AN'ATA = AN(H + E) = AA®

Finally, we prove the lemma for n = 4k. Similar to the previous case, we can prove that
AW = %W, AW = 0 and AZ = %Zl, AZ = 0. Therefore, we have AA'W = %AW =0 and
AN'Z = %AZ = 0. Hence, AN'ATA = AN (H+E + W +Z) = A\ O

With this lemma, we have

[ANP], _ [[ANATAP|, _ [[ANAT] [[AP]|,

_ i A+
AP~ APl S JApl, IAMATL

Use 7; to represent ||AA'AT|| . Then, for any 0 < j < i, we have the following recurrence
formula for r;

r= | ANAT| = |ANTATANAT| < |[ANTIAT|| [ANAT| =7 (3.14)

where rq = 1. Hence, we have the following lemma on the convergence rate of second order
norm of an extra-ordinary CCSS patch.

Lemma 9: The second order norm of an extra-ordinary CCSS patch satisfies the follow-
ing inquality:

where r; = ||AA’A1]|_ and r; satisfies the recurrence formula (3.14).

The recurrence formula (3.14) shows that 7; in (3.15) can be replaced with 7¢. However,
experiment data show that, while the convergence rate changes by a constant ratio in most
of the cases, there is a significant difference between ry and r;. The value of 7y is smaller
than 72 by a significant gap. Hence, if we use r¢ for r; in (3.15), we would end up with a
bigger subdivision depth for a given error tolerance. A better choice is to use 75 to bound
r;, as follows.

rd, i=2j
ri < (3.16)
7"17"%, 1=275+1

3.3.2 Distance Evaluation

Following (3.8) and (3.9), the distance between the extra-ordinary CCSS patch S(u,v) and
the center face of its control mesh L(u,v) can be expressed as

1L, 0) — S, v)l| < Y52 [T (e 00) — L5 (g, v | 4 LG (1, V1) — Lt 03|

+ || L (s Vi) — S (U, V) ||
(3.17)



where m and b are defined in (3.5) and (u;, v;) are defined in (3.6). By applying Lemma 3,
Lemma 4 and (3.7) on the first, second and third terms of the right hand side of the above
inequality, respectively, we get

m—2 m—2

1 1 1 1
|IL(u,v) — S(u,v)|| < ¢ kZ:O My + 3 M1 + 2 My < Mo(c ; Pkt JTmet + 5Tm)
where ¢ = 1/min{n,8}. The last part of the above inequality follows from Lemma 8.
Consequently, through a simple algebra, we have
- —pd! rird ! r . .
MU[C(LTE + ll,i2 r) + —5— + #), if m=2j
||L(Ua 7)) o S(U, 1))” <
77']‘ 77'"7 T'j T T'j . .
Mole(r= + T5m) + 5§ + 757, if m=2j+1

It can be easily proved that the maximum occurs at m = oo. Hence, we have the following
lemma.

Lemma 10: The maximum of ||L(u,v) — S(u,v)|| satisfies the following inequality

Mg ].+T'1

L -S <

where r; = ||[AA'AT|| and M = M is the second order norm of the extra-ordinary patch
S(u,v).

3.3.3 Subdivision Depth Computation

Lemma 9 can also be used to evaluate the distance between a level-i control mesh and the
extra-ordinary patch S(u,v) for any ¢ > 0. This is because the distance between a level-i
control mesh and the surface patch S(u,v) is dominated by the distance between the level-i
extra-ordinary subpatch and the corresponding control mesh which, accoriding to Lemma 9,
is

M’i 1 + T
min{n,8} 1 — ry

[Li(u, v) = S(u, 0)|| <

where M; is the second order norm of S(u,v)’s level-i control mesh, M;. Hence, if the right
side of the above inequality is smaller than a given error tolerance €, then the distance be-
tween S(u,v) and the level-i control mesh is smaller than e. Consequently, we have the
following subdivision depth computation theorem for extra-ordinary CCSS patches.

Theorem 11: Given an extra-ordinary surface patch S(u,v) and an error tolerance e, if

i = min{2l, 2k + 1}



levels of subdivision are iteratively performed on the control mesh of S(u,v), where

1 ].-I—T'lMO 1 1+T1M0
l = l 1 — k - l 1 -
[ Ogﬁ(min{n, 8}1—1ry ¢ ) [ Ogﬁ(min{n, 8t1—1ry ¢

)l

with r; = ||[AA'AT||, and M, being the second order norm of S(u,v), then the distance
between S(u,v) and the level-i control mesh is smaller than e.

3.4 Examples

The new subdivision depth technique has been inplemented in C++ on the Windows platform
to compare its performance with the previous approach. MatLab is used for both numerical
and symbolic computation of r; in the implementation. Table 1 shows the comparison
results of the previous technique, Theorem 6, with the new technique, Theorem 10. Two
error tolerances 0.01 and 0.001 are considered and the second order norm M, is assumed
to be 2. For each error tolerance, we consider five different valences: 3, 5, 6, 7 and 8 for
the extra-ordinary vertex. As can be seen from the table, the new technique has a 30%
improvement over the previous technique in most of the cases. Hence, the new technique
indeed improves the previous technique significantly.

To show that the rates of convergence are indeed difference between r; and ry, their
values from several typical extra-ordinary CCSS patches are included in Table 2. Note that
when we compare r; and ro, the value of r; should be squared first.

Table 1. Comparison between the old technique and the new technique

e =10.01 e = 0.001
N Old New Old New
Technique | Technique | Technique | Technique
3 14 9 19 12
5 16 11 23 16
6 19 16 27 22
7 23 14 33 22
8 37 27 49 33

Table 2. Values of r; and r, for some extra-ordinary patches.
N r1 r9

0.6667 | 0.2917
0.7200 | 0.4016
0.8889 | 0.5098
0.8010 | 0.5121
1.0078 | 0.5691

Ol 3| | O W




3.5 Summary

A new subdivision depth computation technique for extra-ordinary CCSS patches is pre-
sented in this chapter. Like the previous technique, the subdivision depth is computed
based on norms of the second order forward differences of the control points. However, the
computation process is performed on matrix representation of the second order norm, which
gives us a better bound of the convergence rate and, consequently, a tighter subdivision
depth for a given error tolerance. Test results show that the new technique improves the
previous technique by about 30% in most of the cases. This is a significant result because
of the exponential nature of the subdivision process. We are not sure if the new technique
can be further improved though.



Chapter 4

Interpolation based Shape Design
Techniques for Catmull-Clark
Subdivision Surfaces

As we discussed before, there are two possible approaches to build a one-piece represented
control mesh for a given model. One is to use the subdivision surface interpolation tech-
nique to approximate the surface of the given model. Another approach is to construct a
mesh structure through Boolean operations and multiresolution analysis. Both approaches
can achieve a one piece represented control mesh whose Catmull-Clark subdivision surface
results in the given model. In this chapter we discuss the interpolation based one-piece
representation method [60], i.e., to construct a one piece represented control mesh, whose
Catmull-Clark subdivision surface (CCSS) interpolates the vertices of a given mesh of arbi-
trary topology. The Boolean operation based one-piece representation method [69] will be
discussed in Chapter 5.

Our new interpolation method [60] handles both open and closed meshes. Normals or
derivatives specified at any vertices of the mesh (which can actually be anywhere) can also
be interpolated. The construction process is based on the assumption that, in addition to
interpolating the vertices of the given mesh, the interpolating surface is also similar to the
limit surface of the given mesh. Therefore, construction of the interpolating surface can use
information from the given mesh as well as its limit surface. This approach, called similarity
based interpolation, gives us more control on the smoothness of the interpolating surface and,
consequently, avoids the need of shape fairing in the construction of the interpolating surface.
The computation of the interpolating surface’s control mesh follows a new approach, which
does not require the resulting global linear system to be solvable. An approximate solution
provided by any fast iterative linear system solver is sufficient. Nevertheless, interpolation
of the given mesh is guaranteed. This is an important improvement over previous methods
[14] because with these features, the new method can handle meshes with large number
of vertices efficiently. Although the new method is presented for CCSSs, the concept of
similarity based interpolation can be used for other subdivision surfaces as well [60].
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This remaining part of this chapter is organized as follows: The Section 1 gives a brief
introduction to related and previous interpolation methods. Also a overview of our our
interpolation method is given in this section. In Section 2, the similarity based interpolation
technique for closed meshes is discussed detailedly. A technique that works for open meshes
is presented in Section 3. Implementation issues and test results are presented in Section 4.
A summary is given in Section 5.

4.1 Introduction

Given a 3D mesh, there exist infinitely many smooth surfaces that interpolate the mesh
vertices. Any of them can be used as a solution to the interpolation problem. But, to a
shape designer, usually only one of them is the surface he really wants. That surface, called
the designer’s concept surface, is a piece of important information for the interpolation
process. If that information is available to the interpolation system, then by constructing an
interpolating surface whose shape is most ‘similar’ to the designer’s concept surface, we get
the best result one can get for the interpolation process. We call an interpolation process
similarity based interpolation if the interpolation also depends on establishing ‘similarity’
with a reference surface. In the above case, the reference surface is the designer’s concept
surface.

The result of a similarity based interpolation depends on the quality of the reference
surface. The closer the shape of the reference surface to the designer’s concept surface, the
better the result. The designer’s concept surface usually is not available to the interpolation
system. But it is reasonable to assume that the given mesh carries a shape similar to the
designer’s concept surface. After all, these are the vertices the user extracted from his concept
surface. Consequently, limit surface of the given mesh, when viewed as the control mesh of
a Catmull-Clark subdivision surface [1], would be similar to the designer’s concept surface.
Therefore, using the limit surface as the reference surface in the interpolation process, i.e.,
constructing an interpolating surface of a given mesh that is also similar to the limit surface
of the given mesh, we should get an interpolating surface that is relatively close to the
designer’s concept surface. This interpolation concept has not been studied with subdivision
surfaces before, although interpolation using subdivision surfaces has already been studied
for a while [28, 30, 31, 47, 53].

4.1.1 Previous Work: A Brief Review

There are two major ways to interpolate a given mesh with a subdivision surface: interpo-
lating subdivision [28, 29, 30, 50, 53] or global optimization [31, 47, 60]. In the first case, a
subdivision scheme that interpolates the control vertices, such as the Butterfly scheme[30],
Zorin et al’s improved version [29] or Kobbelt’s scheme [28], is used to generate the inter-
polating surface. New vertices are defined as local affine combinations of nearby vertices.
This approach is simple and easy to implement. It can handle meshes with large number
of vertices. However, since no vertex is ever moved once it is computed, any distortion in



the early stage of the subdivision will persist. This makes interpolating subdivision very
sensitive to the irregularity in the given mesh. In addition, it is difficult for this approach to
interpolate normals or derivatives.

The second approach, global optimization, usually needs to build a global linear system
with some constraints [52]. The solution to the global linear system is an interpolating
mesh whose limit surface interpolates the control vertices in the given mesh. This approach
usually requires some fairness constraints in the interpolation process, such as the energy
functions presented in [47], to avoid undesired undulations. Although this approach seems
more complicated, it results in a traditional subdivision surface. For example, the method in
[47] results in a Catmull-Clark subdivision surface (CCSS), which is C? continuous almost
everywhere and whose properties are well studied and understood. The problem with this
approach is that a global linear system needs to be built and solved. Hence it is difficult to
handle meshes with large number of control vertices.

There are also subdivision techniques that produce surfaces to interpolate given curves or
surfaces that near- (or quasi-)interpolate given meshes [51]. But those techniques are either
of different natures or of different concerns and, hence, will not be discussed here.

4.1.2 Overview

In this chapter, we address the one-piece representation problem by using similarity based
interpolation technique developed for CCSSs. Given a 3D mesh P with arbitrary topology,
our new method [60] calculates a control mesh @) whose CCSS interpolates the vertices of
P. The CCSS of @ is constructed with the additional assumption that its shape is similar
to a reference surface, the limit surface of P. A shape fairing process is not required in
the construction process of the interpolating surface. The computation of the control mesh
Q follows a new approach which does not require the resulting global linear system to be
solvable. An approximate solution provided by any fast iterative linear system solver is suffi-
cient. Hence, handling meshes with large number of vertices is not a problem. Nevertheless,
interpolation of the given mesh is guaranteed. The new method can handle both closed and
open meshes. The interpolating surface can interpolate not only vertices of a given mesh,
but also derivatives and normals anywhere in the parameter space of the surface.

4.2 Similarity based Interpolation

4.2.1 Mathematical Setup

Given a 3D mesh with n vertices: P = {P1,Py,--- ,P,}, the goal here is to construct a
control mesh ) whose CCSS interpolates P (the vertices of P, for now). The construction
of ) follows the following path. First, we perform one or more levels of Catmull-Clark
subdivision on P to get a finer control mesh G. G satisfies the following property: each face
of G is a quadrilateral and each face of G has at most one extra-ordinary verter. The vertices
of G are divided into two groups. A vertex of G is called a Type I vertex if it corresponds to



a vertex of P. Otherwise it is called a Type II vertex. () is then defined as a control mesh
with the same number of vertices and the same topology as G. We assume () has m vertices
Q={Q1,Qs,---,Q,.}, m > n, and the first n vertices correspond to the n Type I vertices
of G (and, consequently, the n vertices of P). These n vertices of () will also be called Type
I vertices and the remaining m — n vertices Type II vertices. This way of setting up @) is to
ensure the parametric form developed for a CCSS patch [22, 63] can be used for the limit
surface of @), denoted S(@Q), and we have enough degree of freedom in our subsequent work.
Note that m is usually much bigger than n. The remaining job then is to determine the
position of each vertex of ().

In previous methods [31, 47] the n Type I vertices of ) are set as independent variables,
the m — n Type II vertices are represented as linear combinations of the Type I vertices.
Since m — n is bigger than n, this setting leads to an over-determined system. Without
any freedom in adjusting the solution of the system, one has no control on the shape of
the resulting interpolating surface S(@) even if it carries undesirable undulations. In our
approach [60], instead, the m — n Type II vertices are set as independent variables and
the n Type I vertices are represented as linear combinations of the Type II vertices. This
approach provides us with enough degrees of freedom to adjust the solution of the resulting
linear system and, consequently, more control on the shape of the interpolating surface S(Q).

4.2.2 Interpolation Requirements

Recall that Type I vertices of () are those vertices that correspond to vertices of P. Hence,
each vertex of P is the limit point of a Type I vertex of ). We assume the limit point of Q;
is P;, 1 <i < mn. Then for each Type I vertex Q; (1 < i < n), we have

where @ ={Qus1,Quniz, -+, Qu} is the vector of Type II vertices. Vector C; and constant
¢ depend on the topology of P and the degree of vertex P;. C; and ¢ can be easily obtained
using the formula for calculating the limit point of a CCSS [22, 47, 63]. The conditions in
eq. (4.1) are called interpolation requirements, because they have to be exactly satisfied.
Note that the interpolation requirements in eq. (4.1) form a system of linear equations.
By solving this system of linear equations, we solve the interpolation problem [31]. But in
this case one tends to get undesired undulations on the resulting interpolating surface [47].

4.2.3 Similarity Constraints

Two CCSSs are said to be similar if their control meshes have the same topology and they
have similar ith derivatives (1 < i < oo) everywhere. The first condition of this definition is
a sufficient condition for the second condition to be true, because it ensures the considered
CCSSs have the same parameter space. The CCSSs considered here, S(Q)) and S(G), satisty
the first condition. Hence, we have the sufficient condition to make the assumption that



S(Q)) and S(G) are similar. In the following, we assume S(Q)) and S(G) are similar in the
sense of the above definition.

With explicit parametrization of a CCSS available [22], it is possible for us to consider
derivatives of S(Q)) and S(G) at any point of their parameter space. However, to avoid
costly integration of derivative expressions, we will only consider derivatives sampled at the
following parameter points [58]:

{(k1/2" k/27) | 0< 4,5 < 00,0 <k <20 < ky <27} (4.2)

for each patch of S(Q) and S(G). In the above similarity definition, two derivatives are
said to be similar if they have the same direction. In the following, we use the similarity
condition to set up constraints in the construction process of S(Q).

Given two surfaces, let D, and D, be the u and v derivatives of the first surface and ]f)u
and f)v the u and v derivatives of the second surface. These derivatives are similar if the
following condition holds:

D,xD,=0 and D,xD,=0 (4.3)
A different condition, shown below, is used in [31, 47].
D, - (D,xD,)=0 and D,-(D,xD,) =0 (4.4)

These two conditions are not necessarily equivalent. Our test cases show that eq. (4.3)
gives better interpolating surfaces. This is because eq. (4.4) only requires the correspond-
ing derivatives to lie in the same tangent plane, no restrictions on their directions. As a
result, using eq. (4.4) could result in unnecessary undulations. Note that eq. (4.3) requires
directions of D, and D, to be the same as that of ]f)u and ]f)v, respectively.

Conditions of the type shown in eq. (4.3) are called similarity constraints. These con-
straints do not have to be satisfied exactly, only to the extent possible. The interpolation
method used in [31] considers interpolation requirements only. The method in [47] also
includes fairness constraints to avoid undesired undulations and artifacts.

4.2.4 Global Linear System

If the derivatives of S(Q) and S(G) are sampled at a point in eq. (4.2) then, according to
eq. (4.3) and the derivative of the parametric form of a CCSS patch [22, 58], we would have

V- Qx(vVT-G)=0 (4.5)

where V' is a constant vector of scalars whose values depend on the type of the derivative and
the point where the sampling is performed. This expression actually contains 3 equations,
one for each component. Replace the Type I vertices Qq,Qa, -, Q,, in the above expression
with eq. (4.1) and combine all the similarity constraints, we get a system of linear equations
which can be represented in matrix form as follows:

D-X=C



where X is a vector of length 3(m —n), whose entries are the z, y and z components of @ D
usually is not a square matrix. Hence we need to find an X such that (D-X —C)”-(D-X —C)
is minimized. This is a quadratic programming problem and can be solved using a linear
least squares method. It is basically a process of finding a solution of the following linear
system:

A-X=B (4.6)

where A = DD and B = DTC. A is a symmetric matrix. Hence only half of its ele-
ments need to be calculated and stored. Once X is known, i.e., ) is known, we can find
Q1,Qz, -+, Q, using eq. (4.1).

The matrix D could be very big if many sample points or constrains are used. Fortunately,
we do not have to calculate and store the matrix D and the vector C. Note that A and B

can be written as
A=) "DyD)" and  B=)_ D

where (D;)T is the ith row of D and ¢; is the ith entry of C. Note that the number of
rows (constrains) of D can be as large as possible, but the number of its columns is fixed,
3(m — n). Suppose the ith constraint (See eq. (4.5)), with Q1,Qa, -+, Q, replaced, is
written in vector form as UT - X = u. Then U7 is the ith row of matrix D and u is the ith
entry of C'. Hence rows of matrix D and entries of C can be calculated independently from
eq. (4.5) for each constraint of each sample point. Therefore, A and B can be accumulatively
calculated, constraint by constraint. No matter how many sample points are used, and no
matter how many constraints are considered for every sample point, only a fixed amount
memory is required for the entire process and the size of matrix A is always the same,
3(m —n) x 3(m — n).

Note that the solution of eq. (4.6) only determines the positions of Type II vertices of
Q. Type I vertices of () are represented as linear combinations of Type II vertices in the
interpolation requirements defined in eq. (4.1). Since interpolation of the vertices of P is
determined by the interpolation requirements (See eq. (4.1)) only, this means as long as
we can find a solution for eq. (4.6), the task of constructing an interpolating surface that
interpolates the vertices of P can always be fulfilled, even if the solution is not precise.
Hence, an exact solution to the linear system eq. (4.6) is not a must for our method. An
approximate solution provided by a fast iterative linear system solver is sufficient. As a
result, the new method can handle meshes with large number of vertices efficiently. This is
an important improvement over previous methods.

With the similarity assumption, the surface interpolation problem is basically a process
of using an iterative method to find an approximate solution for the global linear system eq.
(4.6). An initial guess for the iterative process can be obtained directly from G by scaling
GG properly, such that dimension of the scaled limit surface is the same as the interpolating
surface. The required scaling factors s,, s, and s, for such a task can be determined by the
condition that the bounding box of the scaled limit surface is the same as the bounding box
of the interpolating surface. This can easily be done by comparing the maxima and minima
of the vertices of the given mesh in all three directions with the maxima and minima of



their corresponding limit points. The scaled mesh called G, is a good initial guess for the
iterative process because G is actually very close to the control mesh of the interpolating
surface we want to obtain. In our implementation, the Gauss-Seidel method is used for the
iterative process. The iterative process would converge to a good approximate solution very
rapidly with this initial guess. However, it should be pointed out that there is no need to
carry out the iterative process to a very precise level. According to our test cases, a residual
tolerance of the size € = 10~% does not produce much noticeable improvement on the quality
of the interpolating surface than a residual tolerance of the size ¢ = 1072, while the former
takes much more time than the latter. Therefore a relatively large residual tolerance can
be supplied to the iterative linear system solver to prevent it from running too long on the
iterative process, while not improving the quality of the interpolating surface much. This is
especially important for processing meshes with large number of vertices.

4.2.5 Additional Interpolation Requirements

In addition to the interpolation requirements considered in eq. (4.1), other interpolation
requirements can be included in the global linear system as well. One can also modify or
remove some of the interpolation requirements in eq. (4.1). For example, if we wants the
first u—derivative of the interpolating surface at P; to be D,, we need to set up a condition
similar to eq. (4.5) as follows:

VT Q)xD,=0

where V' is a constant vector. The difference here is, this is not a similarity constraint, but
an interpolation requirement. However, if we want a particular normal to be interpolated, we
should set up interpolation requirements for the u derivative and the v derivative whose cross
product equals this normal, instead of setting up an interpolation requirement for the normal
directly, to avoid the involvement of non-linear equations in the system. Then by combining
all the new interpolation requirements with the original interpolation requirements in eq.
(4.1), we get all the expressions for vertices that are not considered independent variables
in the linear system in eq. (4.6). Note that including a new interpolation requirement in
the interpolation requirement pool requires us to change a variable vertex in eq. (4.6) to
a non-variable vertex. Actually, interpolation requirements can be specified for any points
of the interpolating surface, not just for vertices of P. This is possible because we have a
parametric representation for each patch of a CCSS [22]. For example, if we want the position
of a patch at parameter (1/2,3/4) to be T, we can set up an interpolation requirement of the
form: V7-@Q = T where V is a constant vector whose values depend on (1/2,3/4). Therefore
the interpolating surface can interpolate positions, derivatives and normals anywhere in the
parameter space.

4.2.6 Interpolation of Normal Vectors

The direction of normal vectors can be interpolated exactly by using additional interpola-
tion requirements. The key idea is to change some similarity constrains to interpolation



requirements, which means move some equations in eq. (4.5) into the linear system in eq.
(4.1). Actually the direction of partial derivatives can also be interpolated by using such
additional interpolation requirements. Additional interpolation requirements are conditions
like eq. (4.1) that are guaranteed to be satisfied and hence, are not involved in the solving
of the global linear system in eq. (4.6).

However eq. (4.5) is only good for exactly interpolating partial derivatives. For exactly
interpolating normal vectors, we need to interpolate the derivatives in u- and v-directions
respectively to avoid the involvement of non-linear systems. For example, for a given normal
vector V, whose direction is required to be interpolated at point P in the interpolating
surface. Assume the derivatives at point P in the resulting interpolating surface in u- and
v-directions are D; and D, respectively. Then we need to integrate the following two
equations into linear system eq. (4.1):

(4.7)

D1><V = 0
_DQXV = 0

Note that here Dy and D2 can be linearly represented using only the control points of the
corresponding surface patch [22] and these control points are unknowns in eq. (4.1) and eq.
(4.6). Because the above two equations in eq. (4.7) now are in linear system eq. (4.1), which
is required to be satisfied exactly, the exact interpolation of the direction of normal vector
V is guaranteed. For example, Fig. 4.1(f) is interpolated not only at vertex positions, but
normal vectors at boundary vertices as well.

4.3 Handling Open Meshes

The interpolation process developed in the previous section can not be used for open meshes,
such as the one shown in Fig. 4.1(a), directly. This is because boundary vertices of an open
mesh have no corresponding limit points, nor derivatives, therefore, one can not set up
interpolation requirements for these vertices, as required by the new interpolation process.
One way to overcome this problem is to add an additional ring of vertices along the current
boundary and connect the vertices of this ring with corresponding vertices of the current
boundary to form an additional ring of faces, such as the example shown in Figure 4.1(c). The
newly added vertices are called dummy vertices. We then apply the interpolation method
to the extended open mesh as to a closed mesh except that there are no interpolation
requirements for the dummy vertices. This technique of extending the boundary of a given
mesh is similar to a technique proposed for uniform B-spline surface representation in [46].

Note that in this case, the interpolation process does not use the limit surface of the given
mesh, but rather the limit surface of the extended mesh as a reference surface. Therefore,
the shape of the interpolating surface depends on locations of the dummy vertices as well.
Determining the location of a dummy vertex, however, is a tricky issue, and the user should
not be burdened with such a tricky task. In our system, this is done by using locations of the
current boundary vertices of the given mesh as the initial locations of the dummy vertices
and then solving the global linear system in eq. (4.6) to determine their final locations.



Figure 4.1: Interpolating an open mesh: (a) given mesh; (b) limit surface of (a); (c¢) extended
version of (a); (d) limit surface of (c); (e) interpolating surface of (a) that uses (d) as a
reference surface; (f) interpolating surface of (a) with additional requirements.

This approach of generating dummy vertices works fine because dummy vertices only affect
similarity constraints. Figure 4.1(e) is a surface that interpolates the mesh given in Fig.
4.1(a) and uses 4.1(d) as a reference surface.

The above setting of the dummy vertices usually is not enough to create an interpo-
lating surface with the desired boundary shape. Additional requirements (not constraints)
are needed in the interpolation process. As explained in Section 4.2.5, a platform that al-
lows us to define additional requirements can be created by treating the dummy vertices as
non-variables in eq. (4.6). We can then specify new derivative conditions or normal con-
ditions to be satisfied at the original boundary vertices. With the additional interpolation
requirements, a designer has more control on the shape of the interpolating surface in areas
along the boundary and, consequently, can generate an interpolating surface with the desired
boundary shape. For example, Figure 4.1(f) is an interpolating surface of the mesh given in
Figure 4.1(a), but generated with additional interpolation requirements. The interpolating
surface obviously looks more like a real glass now.

4.4 Test Results

The proposed approach has been implemented in C++ using OpenGL as the supporting
graphics system on the Windows platform. Quite a few examples have been tested with the
method described here. All the examples have extra-ordinary vertices. Some of the tested
results are shown in Figures 4.1 and 4.2. Due to limited space, limit surface of the mesh
shown in Figure 4.2(d) which is very simple are not shown here. For all other cases, the limit
surfaces of the given meshes and the interpolating surfaces are both shown so that one can
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tell if these surfaces are indeed similar to each other in the least squares sense.

In our implementation, only one subdivision is performed on the given mesh for each
example and the first, second and third derivatives in u and v directions are used to construct
interpolation constraints and build the global linear system. These derivatives are sampled
at points with parameters (£, 4,j = 0,1 or oo, and 0 < k; < 27, 0 < ky < 27, for
each patch. That is, 9 points are sampled for each patch, which is good enough for most
cases. For bigger patches one can use more sample points because patches do not have to
be sampled uniformly.

The mesh shown in Figure 4.2(f) is an example of an open mesh with disconnected
boundaries. Figure 4.2(h) is the interpolating surface without using additional interpolation
requirements in the construction process.

As can be seen from Figure 4.2, all the resulting interpolating surface are very smooth
and visually pleasing, except the interpolating surface shown in Figure 4.2(n). The surface
has some undulations around the neck, but we do not think they are caused completely by
our method. We believe this is more of a problem with the general interpolation concept.
Note that the input mesh, Figure 4.2(1), has some abrupt changes of vertex positions and
twists in the neck area. This is also reflected by some visible undulations in the neck area
of the limit surface, Figure 4.2(m), even though they are not as clear as in the interpolating
surface. An approximation curve/surface, like a spline curve, can be regarded as a low
pass filter [29], which makes the given control polygon or mesh smoother. An interpolation
curve/surface, on the other hand, can be regarded as a high pass filter, which magnifies
undulations or twists in the input mesh. Since a limit surface is an approximation surface, it
reduces the impact of abrupt vertex location changes and twists in the input mesh while the
interpolating surface enhances it. This is why the undulations are more obvious in Figure
4.2(n) than in Figure 4.2(m).

The new interpolation method can handle meshes with large number of vertices in a mat-
ter of seconds on an ordinary PC (3.2GHz CPU, 512MB of RAM). For example, the meshes
shown in Figures 4.2(1), 4.2(a) and 1.6(b) have 1022, 354 and 272 vertices, respectively. It
takes 51, 14 and 3 seconds, respectively, to interpolate these meshes. For smaller meshes, like
Figures 4.1(a), 4.2(i), 4.2(d) and 4.2(f), the interpolation process is done almost in real time.
Hence our interpolation method is suitable for interactive shape design, where simple shapes
with small or medium-sized control vertex sets are constructed using design or interpolation
methods, and then combined using CSG trees to form complex objects.

4.5 Summary

A new interpolation method for meshes with arbitrary topology using general CCSSs is
presented. This interpolation technique gives us a one-piece represented control mesh, whose
limit surface approximates the target model. The development of the interpolation method is
based on the assumption that the interpolating surface should be similar to the limit surface
of the given mesh. Our test results show that this approach leads to good interpolation
results even for complicated data sets.



The new method has several special properties. First, by using information from the
vertices of the given mesh as well as its limit surface, one has more control on the smoothness
of the interpolating surface. Hence, a surface fairing process is not needed in the new method.
Second, there is no system solvability problem for the new method. The global linear system
that the new method has to solve does not require an exact solution, an approximate solution
is sufficient. The approximate solution can be provided by any fast iterative linear solver.
Consequently the new method can process meshes with large number of vertices efficiently.
Third, the new method can handle both open and closed meshes. It can interpolate not only
vertices, but normals and derivatives as well. These normals and derivative can be anywhere,
not just at the vertices of the given mesh. Therefore, the new interpolation method is general.



Chapter 5

Voxelization of Free-form Solids
Represented by Catmull-Clark
Subdivision Surfaces

A voxelization technique [62] and its applications for objects with arbitrary topology are
presented in this chapter. The voxelization technique will be used for performing accurate
Boolean operations discussed in next chapter. By performing CSG or Boolean operations
[69], we can obtain one-piece representations for objects of arbitrary topology.

With parametrization techniques for subdivision surfaces becoming available [22, 63], it is
possible now to model and represent any continuous but topologically complex object with
an analytical representation. In this chapter we present a method to convert a free-form
object from its continuous geometric representation into a set of voxels that best approx-
imates the geometry of the object. Unlike traditional 3D scan-conversion based methods
[79, 80, 81, 96, 82], our voxelization method is performed by recursively subdividing the 2D
parameter space and sampling 3D points from selected 2D parameter space points. Because
we can calculate every 3D point position explicitly and accurately, uniform sampling on
surfaces with arbitrary topology is not a problem any more. Moreover, our discretization of
3D closed objects is guaranteed to be leak-free when a 3D flooding operation is performed.
This is ensured by proving that our voxelization results satisfy the properties of separability,
accuracy and minimality. In addition, a 3D volume flooding algorithm using dynamic pro-
gramming techniques is presented which significantly speeds up the volume flooding process.
Hence our method is suitable for visualization of complex scenes, measuring object volume,
mass, surface area, determining intersection curves of multiple surfaces and performing accu-
rate Boolean/CSG operations. These capabilities are demonstrated by test examples shown
in this chapter.

The structure of this chapter is as follows: A brief introduction is given in Section 1.
Some background about 3D discrete space is introduced in Section 2. In Section 3, some
related work is discussed. The voxelization method is presented in Section 4. The proof of
the correctness of our voxelization method is given in Section 5. In Section 6, a dynamic
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programming method based volume flooding algorithm is presented. Some applications of
the voxelization technique are discussed and some test examples are shown in Section 7. We
draw some conclusions in Section 8.

5.1 Introduction

Volume graphics [74] represents a set of techniques aimed at modeling, manipulation and
rendering of geometric objects, which have proven to be, in many aspects, superior to tra-
ditional computer graphics approaches. The main advantages of volume graphics are: (1)
decoupling of voxelization from rendering, (2) uniformity of representation, and (3) sup-
port of Boolean, block and CSG operations. Two drawbacks of volume graphics techniques
are their high memory and processing time demands. However, with the progress in both
computers and specialized volume rendering hardware, these drawbacks are gradually losing
their significance.

To be represented by the voxel raster, a geometric object has to go through a process
called vozelization. This process is concerned with converting geometric objects from their
continuous geometric representation into a set of voxels that best approximates the continu-
ous object. Traditional voxelization methods (also referred to as 3D scan-conversion) mimic
the 2D scan-conversion process that pixelizes (rasterizes) 2D geometric objects. Hence tradi-
tional voxelization methods only work well for polygon based 3D objects. For surfaces with
arbitrary topology, voxelization using 3D scan-conversion is not efficient, nor accurate.

Subdivision surfaces have become popular recently in graphical modeling, visualization
and animation because of their capability in modeling/representing complex shape of ar-
bitrary topology [1], their relatively high visual quality, and their stability and efficiency
in numerical computation. Subdivision surfaces can model/represent complex shape of ar-
bitrary topology because there is no limit on the shape and topology of the control mesh
of a subdivision surface. With parametrization techniques for subdivision surfaces becom-
ing available [22, 63] and with the fact that non-uniform B-spline and NURBS surfaces are
special cases of subdivision surfaces becoming known [20], we now know that subdivision
surfaces cover both parametric forms and discrete forms. Parametric forms are good for
design and representation, discrete forms are good for machining and tessellation (including
FE mesh generation). Hence, we have a representation scheme that is good for all graphics
and CAD/CAM applications.

In this paper we propose a voxelization method for free-form solids represented by
Catmull-Clark subdivision surfaces. Instead of direct sampling of 3D points, the new method
is based on recursive sampling of 2D parameter space points of a surface patch. Hence the
new method is more efficient and less sensitive to numerical error.

Note that a voxelization process does not render the voxels but merely generates a
database of the discrete digitization of the continuous object [95]. Some previous voxeliza-
tion methods use quad-trees to store the voxelization result. This approach can save memory
space but might sacrifice in time when used for applications such as Boolean operations or
intersection curves determination. Nevertheless, with cheap and giga-byte memory chips



becoming available, storage requirement is no longer a major issue in the design of an algo-
rithm. People care more about the efficiency of the algorithm. The new method stores the
voxelization result directly in a Cubic Frame Buffer for fast operation purpose.

5.2 Background: 3D Discrete Space

(a) 6-adjacent (b) 18-adjacent (c) 26-adjacent
Figure 5.1: N-adjacent, N € {6, 18, 26}.

A 3D discrete space is a set of integral grid points in 3D Kuclidean space defined by
their Cartesian coordinates (z,y, z), with z,y,z € Z. A voxel is a unit cube centered at
the integral grid point. Usually a voxel is assigned a value of 0 or 1. The voxels assigned
an ‘17, called the ‘black’ voxels, represent opaque objects. Those assigned a ‘0’, called the
‘white” voxels, represent the transparent background. Outside the scope of this paper is a
non-binary approach where the voxel values are mapped onto the interval [0,1] representing
either partial coverage, variable densities, or graded opacities. Due to its larger dynamic
range of values, this approach can support higher quality rendering.

Two voxels are said to be 26-adjacent (See Fig. 5.1(c)) if they share a vertex, an edge, or
a face. Every given voxel has 26 such adjacent voxels: eight share a vertex (corner) with the
given voxel, twelve share an edge, and six share a face. Accordingly, face-sharing voxels are
said to be 6-adjacent (See Fig. 5.1(a)), and edge-sharing and face-sharing voxels are said to
be 18-adjacent (See Fig. 5.1(b)).

The prefix N is used to define the adjacency relation, with N= 6, 18, or 26. A sequence
of voxels having the same value (e.g., ‘black’) is called an N-path if all consecutive pairs are
N-adjacent. A set of voxels are said to be N-connected if there is an N-path between every
pair of its voxels. It is easy to see that N-connectedness is an equivalent relation. Given
three disjoint sets of voxels A, B and C', A is said to N-separate B and C' if any N-path
from a voxel of B to a voxel of C' intersects A.



5.3 Previous Voxelization Techniques

Voxelization techniques can be classified into two major categories. The first category con-
sists of methods that extend the standard 2D scan-line algorithm and employ numerical
considerations to guarantee that no gaps appear in the resulting discretization. As we know
polygons are fundamental primitives in 3D surface graphics in that they approximate arbi-
trary surfaces as a mesh of polygonal patches. Hence, early work on voxelization focused
on voxelizing 3D polygon meshes [79, 80, 81, 96, 82] by using 3D scan-conversion algorithm.
Although this type of methods can be extended to voxelize parametric curves, surfaces and
volumes [83], it is difficult to deal with free-from surfaces of arbitrary topology.

The other widely used approach for voxelizing free-form solids is to use spatial enumer-
ation algorithms which employ point or cell classification methods in either an exhaustive
fashion or by recursive subdivision [89, 90, 91, 92]. However, 3D space subdivision tech-
niques for models decomposed into cubic subspaces are computationally expensive and thus
inappropriate for medium or high resolution grids. The voxelization technique that we will
be presenting uses recursive subdivision. The difference is the new method performs recur-
sive subdivision on 2D parameter space, not on the 3D object. Hence expensive distance
computation between 3D points is avoided.

Like 2D pixelization, voxelization is a powerful technique for representing and modeling
complex 3D objects. This is proved by many successful applications of volume graphics
techniques in recently reported research work. For example, voxelization can be used for
visualization of complex objects or scene [90]. It can also be used for measuring integral
properties of solids, such as mass, volume and surface area [92]. Most importantly, it can
be used for intersection curve calculation and performing accurate Boolean operations. For
example, in [91, 93], a series of Boolean operations are performed on objects represented by
a CSG tree. Voxelization is such an important technique that several hardware implemen-
tations of this technique have been reported recently [85, 86].

5.4 Voxelization based on Recursive 2D Parameter Space
Subdivision

5.4.1 Basic Idea

Given a free-form object represented by a CCSS and a cubic frame buffer of resolution
M; x My x M3, the goal is to convert the CCSS represented free-form object (i.e. continuous
geometric representation) into a set of voxels that best approximates the geometry of the
object. We assume each face of the control mesh is a quadrilateral and each face has at most
one extra-ordinary vertex (a vertex with a valence different from 4). If this is not the case,
simply perform Catmull-Clark subdivision on the control mesh of the CCSS twice.

With parametrization techniques for subdivision surfaces becoming available, it is pos-
sible now to model and represent any continuous but topologically complex object with an
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Figure 5.2: Basic idea of parameter space based recursive voxelization.

analytical representation [22, 23, 25, 63]. Consequently, any point in the surface can be ex-
plicitly calculated. On the other hand, for any given parameter space point (u,v), a surface
point S(u,v) corresponding to this parameter space point can be exactly computed as well.
Therefore, voxelization does not have to be performed in the 3D object space, as the previ-
ous recursive voxelization methods did, one can do voxelization in 2D space by performing
recursive subdivision and testing on the 2D parameter space.

We first consider the voxelization process of a subpatch, which is a small portion of a
patch. Given a subpatch of S(u,v) defined on [uy, us| X [v1,vs], we voxelize it by assuming
this given subpatch is small enough (hence, flat enough) so that all the voxels generated
from it are the same as the voxels generated using its four corners:

V1 = S(ul,vl), V2 = S(UQ,Ul), V3 = S(Ug,vg), V4 = S(ul,Ug). (51)

Usually this assumption does not hold. Hence a test must be performed before the patch
or subpatch is voxelized. It is easy to see that if the voxels generated using its four corners
are not N-adjacent (N € {6,18,26}) to each other, then there exist holes between them. In
this case, the patch or subpatch is still not small enough. To make it smaller, we perform a
midpoint subdivision on the corresponding parameter space by setting

U1 + U2 U1 + Vg
and V12 = 9

to get four smaller subpatches:

S([u1, u12] X [v1,v12]), S([u1z2, us] X [v1, v12]),
S([u1g, ua] X [v1,v2]), S([u1, u1a] X [v12, v2]),

and repeat the testing process on each of the subpatches. The process is recursively repeated
until all the subpatches are small enough and can be voxelized using only their four corners.

The vertices of the resulting subpatches after the recursive parameter space subdivision
are then used as vertices for voxelization that approximates the limit surface. For example,



if the four rectangles in Figure 5.2(a) are the parameter spaces of four adjacent subpatches
of S(u,v), and if the rectangles shown in Figure 5.2(b) are the parameter spaces of the
resulting subpatches when the above recursive testing process stops, then 3D points will be
evaluated at the 2D parameter space points marked with small solid circles to form voxels
that approximate the limit surface.

To make things simple, we first normalize the input mesh to be of dimension [0, M7 — 1] x
[0, My — 1] x [0, M5 — 1]. Then for any 2D parameter space point (u,v) generated from the
recursive testing process (See Fig. 5.2), direct and exact evaluation is performed to get its
3D surface position and normal vector at S(u,v). To get the voxelized coordinates (i, j, k)
from S(u,v), simply set

i=[S(u,v).x+05], j=[Suv)y+05|, k=][S(u,v).z+05]. (5.2)

Once every single point marked in the recursive testing process is voxelized, the process for
voxelizing the given patch is finished. The proof of the correctness of our voxelization results
will be discussed in the next section.

Since the above process guarantees that shared boundary or vertex of patches or sub-
patches will be voxelized to the same voxel, we can perform voxelization of free-form objects
represented by a CCSS patch by patch. One thing that should be pointed out is, to avoid
stack overflow, only small subpatches should be fed to the recursive subdivision and test-
ing process. This is especially true when a high resolution cubic frame buffer is given or
some polygons are very big in the given control mesh. Generating small subpatches is not a
problem for a CCSS once the parametrization techniques are available. For example, in our
implementation, the size of subpatches (in the parameter space) fed to recursive testing is
% X %, i.e. each patch is divided into 8 x 8 subpatches before the voxelization process. In
addition, feeding small size subpatches to the recursive testing process ensures the assump-
tion of our voxelization process to be satisfied, because the smaller the parameter size of a
subpatch, the flatter the subpatch.

5.4.2 Voxelization Algorithms

The above voxelization method, based on recursive subdivision of the parameter space, is
summarized into the following algorithms: Vozxelization and VozxelizeSubPatch. The parame-
ters to these algorithms are explained as follows. S: control mesh of a CCSS which represents
the given object; N: an integer that specifies the N-adjacent relationship between adjacent
voxels; My, Ms, and Mj: resolution of the Cubic Frame Buffer; k: an integer that specifies
the number of subpatches (k x k) that should be generated before fed to the recursive vox-
elization process.

Voxelization(Mesh S, int N, int My, int My, int M3, int k)
1. Normalize S so that S is bounded [0, M; — 1] x [0, My — 1] x [0, M3 — 1]
2. for each patch pid in S

1

3. for u = % 1 1, step size ¢



4. for v =1 : 1, step size 1

5. VoxelizeSubPatch (N, pid, u — %, U, v — %, v);

VoxelizeSubPatch(int N, int pid, float u;, float us, float v1, float vy)

(i1, J1, k1) = Voxelize(S(pid, uq,v1));

(19, Ja, k2) = Voxelize(S(pid, us, v1))

(i3, Js, k3) = Voxelize(S(pid, us, vs))

(14, ja, ka) = Voxelize(S(pid, u1,vs))

if(Jug — u1| < 1/ max{My, My, M3}) return;

A; = max{|i, — ip|}, with a and b € {1,2,3,4};

A; = max{|j, — j»|}, with e and b € {1,2,3,4};

Ay = max{|k, — kp|}, with a and b € {1,2,3,4};

9. f(N=6 & A;+A; + A, <1) return;

10 f(N=18& A; <1 & A; <1& A <1& A;+A;+ Ay <2) return;

11, if(N=26& A; <1& A; <1& Ag <1) return;

12, ugs = (ug +ug)/2; w12 = (v1 +v9)/2;

13.  VoxelizeSubPatch(N, pid, uy, u1a, vy, v12)

14.  VoxelizeSubPatch(N, pid, w19, us, v1,v12)
)
)

]

’
’

N ORI

]

15.  VoxelizeSubPatch(N, pid, w13, us, v12, V2
16. VoxelizeSubPatch(N, pid, uy, w12, v12, v2);

’
’

o~~~ —~

In algorithm ‘VoxelizeSubPatch’, corresponding surface points for the four corners are
evaluated using eq. (2.5), where pid tells us which patch we are currently working on. The
routine ‘Voxelize’ voxelizes points by using eq. (5.2). Lines 9, 10 and 11 are used to test
if voxelizing the four corners of a subpatch is enough to generate a 6-, 18- and 26-adjacent
voxelization, respectively. While Line 5 prevents the recursive process from non-stop dead
loop in case Lines 9, 10 and 11 are always not satisfied.

5.5 Separability, Accuracy and Minimality

Let S be a C! continuous surface in B%. We denote by S the discrete representation of S.
S is a set of black voxels generated by some digitalization method. There are three major
requirements that S should meet in the voxelization process. First, separability [95, 96], which
requires to preserve the analogy between continuous and discrete space and to guarantee that
S is not penetrable since S is C' continuous. Second, accuracy. This requirement ensures
that S is the most accurate discrete representation of S according to some appropriate error
metric. Third, minimality [95, 96], which requires the voxelization should not contain voxels
that, if removed, make no difference in terms of separability and accuracy. The mathematical
definitions for these requirements can be found in [96], which are based on [95].

First we can see that voxelization results generated using our recursive subdivision
method satisfy the requirement of minimality. The reason is that voxels are sampled di-
rectly from the object surface. The termination condition of our recursive sampling process



(i.e., Line 8, 9, 10 in algorithm ‘VoxelizeSubPatch’) and the coordinates transformation in eq.
(5.2) guarantee that every point in the surface has one and only one image in the resulting
voxelization. In other words,

VPeS, 3Q¢€S, suchthat P € Q. (5.3)

Note that here P is a 3D point and @ is a voxel, which is a unit cube. On the other hand,
because all voxels are mapped directly from the object surface using eq. (5.2), we have

VQeS, IPeS, suchthat P e Q. (5.4)

Hence no voxel can be removed from the resulting voxelization, i.e., the property of mini-
mality is satisfied. In addition, from eq. (5.3) and eq. (5.4) we can also conclude that the
resulting binary voxelization is the most accurate one with respect to the given resolution.
Hence the property of accuracy is satisfied as well.

To prove that our voxelization results satisfy the separability property, we only need
to show that there is no holes in the resulting voxelization. For simplicity, here we only
consider 6-separability, i.e., there does not exist a ray from a voxel inside the free-form
solid object to the outside of the free-form solid object in x, y or z direction that can
penetrate our resulting voxelization without intersecting any of the black voxels. We prove
the separability property by contradiction. As we know violating separability means there
exists at least a hole (voxel) ) in the resulting voxelization that is not included int S but
is intersected by S and, there must also exist two 6-adjacent neighbors of () that are not
included in S either and are on opposite sides of S. Because S intersects with (), there
exist at least one point P on the surface that intersects with (). But the image of P after
voxelization is not () because @ is a hole. However, the image of P after voxelization must
exist because of the termination condition of our recursive sampling process (i.e., Line 8, 9,
10 in algorithm ‘VoxelizeSubPatch’). Moreover, according to our voxelization method, P can
only be voxelized into voxel @) because of eq. (5.2). Hence ) cannot be a hole, contradicting
our assumption. Therefore, we conclude that S is 6-separating.

5.6 Volume Flooding with Dynamic Programming

5.6.1 Seed Selection

A seed must be designated before a flooding algorithm can be applied. In 2D flooding, a seed
is usually given by the user interactively. However, in 3D flooding, for a closed 3D object,
it is impossible for a user to designate a voxel as a seed by mouse-clicking because voxels
inside a closed 3D object are invisible. Hence an automatic method is needed to select an
inside voxel as a seed for volume flooding. Once we can correctly choose an inside voxel, the
by applying a flooding operation, all inside voxels can be obtained. To select a voxel as a
seed for volume flooding, we need to tell if a voxel is inside or outside the 3D object. This
is not a trivial problem. In the past In-Out test for voxels is not efficient and not accurate
[92], especially for topologically complicated 3D objects.



With the availability of parametrization techniques for subdivision surfaces, we now can
calculate derivatives and normals exactly and explicitly for each point located on the 3D
object surface. Hence the normal for each voxel can also be exactly calculated in the vox-
elization process. Because the direction of a normal is perpendicular to the surface and
points towards the outside of the surface, the closest voxel in its opposite direction must be
located either inside or on the surface (Assume the voxelization resolution is high enough).
For a given voxel (called start vozel), to choose the closest voxel in its normal’s opposite
direction, we just need to calculate the dot product of its normal and one of the axis vectors.
These vectors are: {1,0,0}, {-1,0,0}, {0,1,0}, {0, 1,0}, {0,0,1}, {0,0, —1} correspond-
ing to z, —x, y, —y, z and —z direction, respectively. The direction with biggest dot product
is chosen for finding an inside voxel. If the closest voxel in this chosen direction is also a
black voxel (i.e., located on the 3D object surface), another start voxel has to be selected
and the above process is repeated until an inside voxel is found. The found inside voxel can
be designated as a seed for inside volume flooding. Similarly, an outside voxel can also be
found for outside volume flooding. In this case, the seed voxel should not be chosen from
the normal’s opposite direction, but along the normal’s direction.
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Figure 5.3: A voxel with multiple pieces of object surface in it.

However, if the voxelization resolution is not high enough, the closest voxel in the normal’s
opposite direction might be an outside voxel. For example, in Figure 5.3, ABCD denotes
a voxel and part of the object surface passes through this voxel. Differently, there are two
pieces of surface that are not connected but are all inside this voxel. If we choose P; as the
start point in Figure 5.3 to find an inside voxel using the above seed selection method, an
outside voxel will be wrongly chosen. Hence the above method is no longer applicable in this
case. To resolve the problem in this situation, higher voxelization resolution could be used.
However, no matter how high the voxelization resolution is, we still cannot guarantee cases
like the one shown in Figure 5.3 will not occur. Hence other approach is needed.

Fortunately, voxels that have multiple pieces of surface passing through, like the one
shown in Figure 5.3, can be easily identified in the voxelization process. To identify these
voxels, we need to calculate normals for each voxel. For example, in Figure 5.3, if surface
point P is mapped to voxel ABC D, then the normal at P; which is N;, is also memorized
as the normal of this voxel. Next time if another surface point, say P, is also mapped to



voxel ABC D, then the normal at P, which is Ny, will be first compared with the memorized
normal of voxel ABC' D by calculating their dot product. If Ny - Ny > 0, then nothing need
to be done. Otherwise, say surface point Ps;, which is mapped to the same voxel and its
normal is Nj, if N7 - N3 < 0, then this voxel is marked as a voxel that has multiple piece
passing through. Once every voxel that has multiple pieces of surface passing through is
marked, we can easily solve the problem simply by not choosing these marked voxels as the
start voxels.

5.6.2 3D Flooding using Dynamic Programming

Here we only present flooding algorithms using 6-separability, but the idea can be applied to
N-separability with V = 18 or 26, Although 6-separability is used in the flooding process,
the voxelization itself can be N-adjacent with N = 6,18 or 26, Once a seed is chosen, 3D
flooding algorithms can be performed in order to fill all the voxels that are 6-connected
with this seed voxel. The simplest flooding algorithm is recursive flooding, which recursively
search adjacent voxels in 6 directions for 6-connected voxels. This method sounds ideally
reasonable but does not work in real world because even for a very low resolution, it would
still cause stack overflow.

Another method that can be used for flooding is called linear flooding, which searches
adjacent voxels that are 6-connected with the given the seed voxel, linearly from the first
voxel to the last voxel in the cubic frame buffer, and marks all the found voxels with gray.
The search process is repeated until no more white (‘0’) voxels is found that are 6-connected
with one of the gray voxels. Linear flooding is simple and does not require extra memory in
the flooding process. However, it is very slow, especially when a high resolution is used in
the voxelization process.

In many applications, 3D flooding operations are required to be fast with low extra
memory consumption. To make a 3D flooding algorithm applicable and efficient, we can
combine the recursive flooding and the linear flooding methods using the so called dynamic
programming technique.

Dynamic programming usually breaks a problem into subproblems, and these subprob-
lems are solved and the solutions are memorized, in case they need to be solved again.
This is the essentiality of dynamic programming. To use dynamic programming in our 3D
flooding algorithm, we use a sub-routine FloodingXYZ which marks inside voxels having the
same x, y or z coordinates as the given seed voxel, and all marked voxels are memorized by
pushing them into a stack called GRAYSTACK. Note here the stack has a limited space,
whose length is specified by the user. When the stack reaches its maximal capacity, no gray
voxels can be pushed into it. Hence it guarantees limited memory consumption. The 3D
flooding algorithm with dynamic programming can improve the flooding speed significantly.
For ordinary resolution, say, 512 x 512 x 512, a flooding operation can be done almost in
real time. The pseudo code for the 3D volume flooding algorithm is given as follows and the
parameters (s;, s;, s;) are the coordinates of the given seed voxel.



VolumeFlooding(int s;, int s;, int sy,)

1. FloodingXYZ(s;, s;, Sg);

2. loop =1;

3. while(loop)

4 while (GRAYSTACK is not empty)
5. (i,4,k) = GRAYSTACK.Pop();
6 FloodingXYZ(i, j, k)

7 loop = 0;

8. for(i = 0;i < My;i++)

9. for(j = 055 < My; j++)

10. for(k = 0;k < Ms; k++)

11. if ( Voxel (i, 7, k) is white and is 6-adjacent with a gray voxel)
12. FloodingXYZ(i, j, k);
13. loop = 1;

5.7 Applications

5.7.1 Visualization of Complex Scenes

Ray tracing is a commonly used method in the field of visualization of volume graphics.
This is due to its ability to enhance spatial perception of the scene using techniques such
as transparency, mirroring and shadow casting. However, there is a main disadvantage
for ray tracing approach: large computational demands. Hence rending using this method
is very slow. Recently, surface splatting technique for point based rendering has become
popular [68, 94]. Surface splatting requires the position and normal of every point to be
known, but not their connectivity. With explicit position and exact normal information
for each voxel in our voxelization results, now it is much easier for us to render discrete
voxels using surface splatting techniques. The rendering is fast and high quality results can
be obtained. For example, Fig. 5.4(f) is the given mesh, Fig. 5.4(g) is the corresponding
limit surface. After the voxelization process, Fig. 5.4(h) is generated only using basic point
based rendering techniques with explicitly known normals to each voxel. While Fig. 5.4(i)
is rendered using splatting based techniques. The size of cubic frame buffer used for Fig.
5.4(h) is 512 x 512 x 512. The voxelization resolution used for Fig. 5.4(i) is 256 x 256 x 256.
Although the resolution is much lower, we can tell from Fig. 5.4, that the one using splatting
techniques is smoother and closer to the corresponding object surface given in Fig. 5.4(g).

5.7.2 Integral Properties Measurement

Another application of voxelization is that it can be used to measure integral properties of
solid objects such as mass, volume and surface area. Without discretization, these integral
properties are very difficult to measure, especially for free-form solids with arbitrary topology.
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Volume can be measured simply by counting all the voxels inside or on the surface
boundary because each voxel is a unit cube. With efficient flooding algorithm, voxels inside
or on the boundary can be precisely counted. But the resulting measurement may not be
accurate because boundary voxels do not occupy all the corresponding unit cubes. Hence
for higher accuracy, higher voxelization resolution is needed. Once the volume is known, it
is easy to measure the mass simply by multiplying the volume with density. Surface area
can be measured similarly. But using this approach would lead to big error because we do
not know how surfaces pass through their corresponding voxels. Fortunately, surface area
can be measured much more precisely in the voxelization process. As we know, during the
recursive voxelization process, if the recursive process stops, all the marked parameter points
of a patch or subpatch (See Fig. 5.2) are points used for final voxelization. Hence all these
quadrilaterals corresponding to these marked parameter points can be used for measuring
surface area after these marked parameter space points are mapped to 3D space. The flatness
of these quadrilaterals is required to be tested if high accuracy is needed. The definition of
patch flatness and the flatness testing method can be found in [64].

5.7.3 Performing Boolean and CSG Operations

The most important application of voxelization is to perform Boolean and CSG operations on
free-form objects. In solid modeling, an object is formed by performing Boolean operations
on simpler objects or primitives. A CSG tree is used in recording the construction history
of the object and is also used in the ray-casting process of the object. Surface-surface
intersection (including the in-on-out test) and ray-surface intersection are the core operations
in performing the Boolean and CSG operations. With voxelization, all of these problems
become much easier set operations. For instance, Fig. 5.4(d) is generated by subtracting
a cylinder from the Venus model. While Fig. 5.4(k) and Fig. 5.4(1) are the union and
difference results of the cow model and the rocker arm model shown in Fig. 5.4(g). Note that
all these union and difference pairs are positioned the same way when Boolean operations are
performed. Fig. 5.4(j) is generated by subtracting the the heart model shown in Fig. 5.4(c),
from rock arm model shown in Fig. 5.4(g). And Fig. 5.4(c) is generated by subtracting
the rock arm model shown in Fig. 5.4(g) from the heart model. A mechanical part is also
generated in Fig. 5.4(e) using CSG operations. Intersection curves can be similarly generated
by searching for common voxels of objects. The black curve shown in Fig. 5.4(b) and Fig.
5.4(a) is the intersection curve generated from two different objects.

5.8 Summary

A method to convert a free-form object from its continuous geometric representation to
a set of voxels that best approximates the geometry of the object is presented. The new
voxelization method can be used furthermore in next chapter for our subdivision surface
based one-piece representation system when Boolean operation is used to construct one-
piece represented mesh structure. Unlike traditional 3D scan-conversion based methods, the



new method does the voxelization process by recursively subdividing the 2D parameter space
and sampling 3D surface points only at selected 2D parameter space positions. Because of the
capability to calculate every 3D point position explicitly and accurately, uniform sampling
on surfaces with arbitrary topology is not a problem for the approach at all. Moreover,
the new method guarantees that discretization of 3D closed objects is leak-free when a 3D
flooding operation is performed. This is ensured by proving that voxelization results of the
new method satisfy the properties of separability, accuracy and minimality. In addition, a
3D volume flooding algorithm using dynamic programming techniques is presented which
significantly speeds up the volume flooding process. Hence the new method is suitable for
visualization of complex scenes, measuring object volume, mass, surface area, determining
intersection curve of multiple surfaces and performing accurate Boolean/CSG operations.



Chapter 6

Trimming Techniques for Free-Form
Solids Represented by Catmull-Clark
Subdivision Surfaces

In this chapter a method for performing robust and error controllable Boolean operations on
free-form solids represented by Catmull-Clark subdivision surfaces (CCSSs) is presented [69].
The given objects are voxelized [62] using the voxelization method presented in chapter 4 to
make Boolean operations more efficient. However, different from previous voxelization based
approaches, the final results of the Boolean operations in our method are represented with
a continuous geometric representation, that is, our results after Boolean operations are one-
piece representations of solid objects. They are represented with topologically correct mesh
structure [69]. This is achieved by doing the Boolean operations in the parameter spaces of
the solids, instead of the object space. The 2D parameter space is recursively subdivided
until a keep-or-discard decision can be made for each resulting subpatch using results of the
voxelization process. This approach allows us to easily compute a parametric approximation
of the intersection curve and, consequently, build a continuous geometric representation
for the Boolean operation result. To make the Boolean operation result more accurate,
a secondary local voxelization can be performed for intersecting subpatches. Because the
voxelization process itself is very fast and robust, the overall process is fast and robust too.
Most importantly, error of Boolean operation result can be estimated, hence error control
is possible. In addition, our method can handle any cases of Boolean operations as long as
the given solids are represented by CCSSs. Therefore there are no special or degenerated
cases to take care of. Although the new method is presented for CCSSs, the concept actually
works for any subdivision scheme whose limit surfaces can be parameterized.

The remaining part of the chapter is arranged as follows. In section 1, a brief introduction
is given. Some background and previous works related to this one are given in Section 2. A
description of our voxelization technique is given in Section 3. The process of performing
Boolean operations on solids represented by CCSSs is discussed in Section 4. Local voxeliza-
tion technique is presented in Section 5. Error control is given in Section 6. Implementation
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issues and test cases are shown in Section 7. Concluding remarks are given in Section 8.

6.1 Introduction

Boolean operations are a nature way of constructing complex solid objects from simpler
primitives. For example, the Constructive Solid Geometry (CSG) representation scheme al-
lows users to define complex 3D solid objects by hierarchically combining simple geometric
primitives using Boolean operations and affine transformations. However, for many appli-
cations CSG is not the most efficient approach. Another major representation scheme used
in solid modeling is boundary representation (B-rep). But for complicated objects, because
higher order B-reps are needed, it is usually very difficult to find the intersecting curve ana-
lytically. In addition, cares always to be taken to handle special cases and degenerated cases
[99]. Hence, accurate Boolean operations are usually not fast, nor robust, although excellent
results have been achieved by some commercial solid modeling engines.

Voxelization of 3D objects has been studied and used for 3D object modeling and ren-
dering for a while. With voxelization, it is actually very simple to get all the resulting voxels
after Boolean operations because now Boolean operations become simple set operations. The
difficult part is how to represent the resulting object properly and accurately when voxeliza-
tion is used in the Boolean operation process. Traditionally results of Boolean operations
are represented as sets of voxels [109, 110] and special volumetric rendering algorithms are
developed for visualizing Boolean operation results [94, 112]. The main disadvantage of this
approach is that there is no continuous geometric representation for the resulting objects.
Consequently, the results of Boolean operations cannot be scaled seamlessly or smoothly
because of the nature of discretization.

In this paper, we present a method for performing robust and error controllable Boolean
operations on free-form solids represented by Catmull-Clark subdivision surfaces (CCSSs).
The given solids are voxelized so that Boolean operations can be performed more efficiently
and robustly. However, the final results of Boolean operations in our method are still repre-
sented with a continuous geometric representation. This is achieve by performing Boolean
operations subpatch by subpatch in 2D parameter space. Each subpatch is small enough to
ensure the resulting voxels are either adjacent or overlapping. Consequently, connectivity
of adjacent voxels can be easily constructed and the intersection curve can be easily iden-
tified. Because Boolean operations are performed subpatch by subpatch in 2D parameter
space, our method can handle solids with arbitrary topology. There are no special cases or
degenerated cases to take care of. Therefore our method is robust. Most importantly, error
control is possible in our method. To make the Boolean results more accurate, according to
our error estimation formula, a secondary local voxelization can be performed for each pair
of intersecting subpatches.



6.2 Background & Related Work

6.2.1 Subdivision Surfaces

Given a control mesh, a subdivision surface is generated by iteratively refining (subdividing)
the control mesh to form new and finer control meshes. The refined control meshes converge
to a limit surface called a subdivision surface. So a subdivision surface is determined by the
given control mesh and the mesh refining (subdivision) process. Popular subdivision surfaces
include Catmull-Clark subdivision surfaces (CCSSs) [1], Doo-Sabin subdivision surfaces [13]
and Loop subdivision surfaces [3]. All these subdivision schemes can be considered as an
algorithmic generalization of classical spline techniques enabling control meshes with arbi-
trary topology [1, 3, 13]. They provide easy access to globally smooth surfaces of arbitrary
shape by iteratively applying simple refinement rules to the given control mesh. A sequence
of meshes generated by this process quickly converges to a smooth limit surface. For most
practical applications, the refined meshes are already sufficiently close to the smooth limit
after only a few refinement steps.

Subdivision surfaces by far are the most general surface representation scheme. They
include non-uniform B-spline and NURBS surfaces as special cases [20]. In this chapter
we only consider performing Boolean operations on free-form solids represented by CCSSs.
However, our approach can be used for any subdivision scheme whose parametrization is
available.

6.2.2 Voxelization

Like 2D pixelization, voxelization of surfaces [95, 96] is a powerful technique for representing
and modeling complex 3D objects. This is proved by many successful applications of volume
graphics techniques in research work reported recently. For example, voxelization can be used
for visualization of complex objects or scenes [62, 94, 112]. Tt can also be used for measuring
integral properties of solids, such as mass, volume and surface area. Most importantly, it can
be used for intersection curve calculation and, consequently, Boolean operations [62, 110].
For example, in [110], a series of Boolean operations are performed on objects represented
by a CSG tree.

A good voxelization should meet three requirements in the voxelization process: separa-
bility, accuracy, and minimality [95, 96]. The first requirement demands analogy between
the continuous space and the discrete space to be preserved and the resulting voxelization to
be not penetratable since the given solid is closed and continuous. The second requirement
ensures that the resulting voxelization is the most accurate discrete representation of the
given solid according to some appropriate error metric. The third requirement requires the
voxelization does not contain voxels that, if removed, make no difference in terms of sepa-
rability and accuracy. The mathematical definitions of these requirements can be found in
[95, 96].

Note that a voxelization process does not render the voxels but merely generates a
database of the discrete digitization of the continuous object [95]. Some previous voxeliza-



tion methods use quad-trees to store the voxelization result [111]. This approach can save
memory space but might sacrifice in time when used for applications such as Boolean opera-
tions or intersection curves determination. Nevertheless, with cheap and giga-byte memory
chips becoming available, storage requirement is no longer a major issue in the design of a
voxelization algorithm. People care more about the efficiency of the algorithm. Our new
method stores the voxelization result directly in a Cubic Frame Buffer [95] for fast operation
purpose.

6.2.3 Boolean Operations on Free-Form Solids

Performing Boolean operations is a classic problem in geometric modeling. Many approaches
have been reported in the literature, such as [7, 69, 97, 103, 107, 109, 110, 111], to name
a few. Currently most solid modelers can support Boolean operations on solids composed
of polyhedral models or quadric surfaces (like spheres, cylinders etc.). Over the last few
years, modeling using free-form surfaces has become indispensable throughout the commer-
cial CAD/CAM industry. However, the major bottleneck is in performing robust, efficient
and accurate Boolean operations on free-form objects. The topology of a surface patch be-
come quite complicated when a number of Boolean operations are performed and finding
a convenient representation for these topologies has been a major challenge. As a result,
some solid modelers [97] use polyhedral approximation to these surfaces and apply Boolean
operations on these approximate polyhedral objects. Although this approaches seem simple,
there are always some special cases or degenerated cases [99] that are difficult to take care of.
Some modelers use point (or surfel) based approaches [111] to perform Boolean operations
and quite good results are obtained. However, error control is difficult in such approaches.
Zorin etc. proposed a method [7] to perform approximate Boolean operations on free-form
solids represented by subdivision surfaces. The main contribution of their method is the al-
gorithms that are able to generate a control mesh for a multiresolution surface approximating
the Boolean results.

Most of the recent work in the literature on Boolean operations of curved models are
focused on computing the surface intersection [98, 100, 102, 104, 106, 108]. However, the
algebraic degree of the resulting curve can typically be very high (up to 324 for a pair
of bicubic Bézier surfaces) [97] and the genus is also non-zero. Hence it is very difficult to
represent the intersection curve analytically and the current methods are aimed at computing
approximations to the intersection curve.

6.3 Performing Boolean Operations on Free-Form Solids

Because we perform Boolean Operations on Free-Form Solids by voxelizing these solids,
Boolean operations performed on three or more objects can be regarded as a series of Boolean
operations performed on two objects. Therefore, here we only need to consider Boolean
operations performed on two free-form solids A and B. As a result, only two cubic frame
buffers are needed in the whole process, one for each object. The results of Boolean operations



can share a cubic frame buffer with any of them. Once voxelization is done (See chapter
4), a volume flooding (see chapter 4) must be performed to mark the voxels located inside
a given solid. After all these steps, there are three types of voxels in each cubic frame buffer:
(1) inside vozels, (2) boundary vozels and (3) outside vozels.

Several possible Boolean operations may be specified by the users. However, the essential
process is almost the same. Here we illustrate the process by assuming the given Boolean
operation is to find the intersection of two solid objects.

With voxelization, it is actually quite simple to get the resulting voxels for a Boolean
operation. For example, the voxels left after an intersection operation are those located inside
or on the boundary of both objects. The difficult part is how to represent the resulting part
properly and accurately. Traditionally the results of Boolean operations are represented
just with voxels. The main disadvantage of this method is the results cannot be scaled
seamlessly because of the nature of discretization. In the following, we present an approach
that represents the final result with a continuous geometric representation.

6.3.1 Boolean Operations based on Recursive Parameter Space
Subdivision and Voxelization

For a subpatch of S(u,v) of solid A defined on [uy, us] X [v1, vs], we voxelize it one more time
using the method discussed in Chapter 4. However, this time we do not write the voxels
into A’s cubic frame buffer, but look up the voxel values in both solid A and solid B’s cubic
frame buffers. Recall that we are performing an intersection operation of A and B. If all the
voxel values of the whole subpatch in both cubic frame buffer are not outside, then this is a
subpatch to keep. Subpatches of this type are called K-subpatches (subpatches to be kept).
If the voxel values of this subpatch are all outside in both A and B’s cubic frame buffer, then
this is a subpatch to discard. Subpatches of this type are called D-subpatches (subpatches
to be discarded). Otherwise, i.e., if some of the voxel values are inside, boundary and some
of the voxel values are outside, then this is a patch with some part to keep and some part
to discard. Subpatches whose voxel values contain all of inside, boundary and outside are
called I-subpatches (intersecting subpatches). For example, the rectangles shown in Fig. 6.1
(a) are the parameter spaces of the resulting subpatches when the recursive voxelization
process stops and the dashed polyline is part of the intersection curve of the two given solids
in this patch’s 2D parameter space. We can see that subpatch A;A;A A3 in Fig. 6.1 (a)
is an I-subpatch. Note here all the marked (dark circles) adjacent points, when evaluated
and voxelized, will be mapped to either the same voxel or adjacent voxels (see Chapter
4). For example, there does not exist any voxel between voxels corresponding to parameter
points A; and As. Therefore, even though the intersection curve does not pass through
A or Aj, the voxel corresponding to the intersection point I; will fall into the closest voxel
corresponding to parameter point A; or As. In this case, it falls into the voxel corresponding
to A,

An intersecting voxel is a voxel whose voxel value is boundary in both cubic frame buffers.
Hence it is very easy to find all the intersecting voxels, which compose the intersection curve



Figure 6.1: Performing Boolean operations on 2D parameter space.

(but at this moment we do not know how to connect these intersecting voxels yet and will be
explained shortly). For example, in Fig. 6.1(a), parameter points A; and By are intersecting
voxels. Once all the intersecting voxels are identified, a continuous geometric representation
for the Boolean operation result can be generated as follows.

K-subpatches and D-subpatches are easy to handle. They are either kept (for K-subpatches)
or discarded (for D-subpatches) totally. For example, in Fig. 6.1(b), AjA;A7Aq is a K-
subpatch, hence AjA5A;Ag will be output wholly in the tessellation or rendering process.
For an I-subpatch, one can determine which part of the subpatch to keep by traversing all
the marked points attached to this subpatch. For example, for the subpatch ByB;B;B3;B7
in Fig. 6.1(a), after a traverse of the marked vertices, it is easy to see that the part to keep is
the triangle BoB3B;. Hence BoB3B; will be used in the tessellation and rendering process
and other region of the subpatch BoB;B3B3B; in Fig. 6.1(a) will be discarded. Note here
the intersection point I, after voxelization, maps to the voxel B;. In Fig. 6.1(b) the shaded
part is the result after performing the Boolean operation in the 2D parameter space. Once
we have the result of the Boolean operation in 2D parameter space, the 3D result can be
easily obtained by directly evaluating and tessellating these shaded polygons. Note here we
obtain not only the polygons, but also their connectivity. Hence a mesh structure can be
achieved in the above process. It is the mesh structure that we can consider as a one-piece
representation of the results of Boolean operations. In this stage, we have a continuous
geometric representation (the mesh) as well as a discrete voxel based representation (the
cubic frame buffer) for our resulting shape of Boolean operations. Because now we have
both representations, a connected intersection curve can be easily constructed as well by
picking boundary voxels (from the discrete voxel based representation) and traversing the
mesh structure (information of the continuous geometric representation). For example, in
Figure 6.1, the intersection curve (inside this patch) is A;A;AsB2B7Bs.

The above voxelization process and Boolean operations guarantee that shared boundary
or vertex of patches or subpatches will be chopped, kept or discarded in exactly the same
way no matter on which patch the operation is performed. Therefore, in our approach,



Boolean operations of free-form objects represented by CCSSs can be performed on the
basis of individual patches.

6.3.2 Crack Prevention

Due to the fact that adjacent patches might be tessellated by quadrilaterals corresponding to
subpatches from different levels of the midpoint subdivision process mentioned in the above
section, cracks could occur between adjacent patches or subpatches. For instance, in Figure
7.3, the left patch A;A;A5A¢ is approximated by one quadrilateral but the right patch is
approximated by 7 quadrilaterals. Consider the boundary shared by the left patch and the
right patch. On the left side, that boundary is a line segment defined by two vertices : A,
and As. But on the right side, the boundary is a polyline defined by four vertices : As, Cyg,
B4, and As. They would not coincide unless C4 and By lie on the line segment defined by
A, and Aj. But that usually is not the case. Hence, cracks would appear between the left
patch and the right patch.

Fortunately Cracks can be eliminated simply by replacing each boundary of a patch or
subpatch with the one that contains all the evaluated points for that boundary. For exam-
ple, in Figure 7.3, all the dotted lines should be replaced with the corresponding polylines.
In particular, boundary AsAjs of patch A;A3AsAg should be replaced with the polyline
A,CyB4A;5. As a result, polygon A;AsA5Ag is replaced with polygon A;A,CBsjA5A¢
in the tessellation process. For rendering purpose this is fine because graphics systems like
OpenGL can handle polygons with non-co-planar vertices and polygons with any number of
sides. However, it should be pointed out that through a simple zigzag technique, triangu-
lation of those polygons is actually a simple and very fast process. More details about the
crack prevention problem are presented in Chapter 6.

Cracks could also occur if solids A and B are not connected properly in the intersecting
area. For example in Fig. 6.1 (a), intersection point I; after evaluation and voxelization falls
to voxel corresponding to 2D parameter point A of solid A. If I; falls to voxel corresponding
to 2D parameter point A; of solid B, then after evaluation, S4(A;) might not equal Sp(A;)
exactly. Hence crack occurs. To eliminate this kind of cracks, we cannot use the exact 3D
positions evaluated from 2D parameter points for intersection point. Instead we use the
center of the corresponding voxel as the intersection point. In this way, solids A and B
will have exactly the same intersection positions and intersection curve as well. As a result,
solids A and B can be connected seamlessly. Note that for K-subpatches, their vertices
will be evaluated directly from parameter points. Only intersection points of partially kept
[-subpatches are approximated by the centers of their corresponding voxels.

6.4 Local Voxelization

The voxelization process presented in the above section is called a global vozxelization, because
it is performed for the entire object space. After all the Boolean operations are performed,
a fine scale voxelization, called a local voxelization, will also be performed. The goal of the



local voxelization is to improve the accuracy of the I-subpatches. For example, in Fig. 6.1(a),
A,A5A, is used to approximate the area of the I-subpatch A;AyA4A5 that should be kept.
The accuracy of this approximation depends on the resolution of the global cubic frame
buffer, which is always not high enough because of limited memory resource. However,
we can do a secondary voxelization, which has lower resolution, but is only applied to a
very small portion of the object space. As a result high accuracy still can be achieved at
intersecting area.

The process and the approach used for a local voxelization are the same as a global
voxelization. The only difference is that they are applied to different size of the object
space. In order to perform local voxelization, information about which subpatches of solid
A intersecting with which subpatches of solid B must be known first. This information is
very difficult to obtain in previous voxelization based methods. Fortunately, in our method,
it can be readily obtained when performing the Boolean operations, as mentioned in Section
6.3.1. If we mark these intersecting subpatches of solids A and B during the keep-or-discard
test process, we would know exactly which subpatches of solid A intersect which subpatches
of solid B. Once all intersecting subpatches are known, local voxelization can be directly
performed for each pair of intersecting subpatches. For example, suppose subpatch p; of
object A intersects subpatches ¢; and gy of object B, then a local voxelization is performed
on these 3 subpatches only. Their intersection curve is used to replace the intersection curve
obtained using the global voxelization process. The local voxelization process is applied
to every pair of intersecting subpatches of solids A and B. Consequently, more accurate
intersection curve could be computed. For instance, in Fig. 6.1(a), the intersection curve
A,A; will be replaced with ViV, .-V, k=10,if V;, i =1---10 are the new intersecting
voxels in the corresponding local cubic frame buffers and polygon A;A3A4 V1V, .-V, will
be used in the tessellation and rendering process. Similar to global voxelization, only two
local cubic frame buffers are needed for local voxelization. The local cubic frame buffers can
be reused for each new pair of intersecting subpatches. Hence local voxelization does not
require a lot of memory.

6.5 Error Control

Given an €, the purpose of error control is to make sure the error of the resulting solid after
performing Boolean operations using our method is less than € to the one hundred percent
accurate result. There are two kinds of error that might occur when our method is applied
to perform Boolean operations among closed free-form solids represented by Catmull-Clark
subdivision surfaces. They are discussed as follows.

The first one possible inaccuracy possibly occurring using our method is the approxi-
mation of resulting solids with polygonal meshes. Because all obtained resulting solids are
approximated with polygonal meshes, even although the approximating meshes are dense
and are very close to the true surface, error inevitably occurs. However, the error caused
by approximation of polygonal meshes can be accurately measured [61, 69]. Hence error
control for this type of error is possible. The measurement of this kind of error is discussed



in Chapter 6.

Another source that could introduce error in the result of the Boolean operations is the
voxelization process. Both the global and the local voxelization can cause inaccuracy. The
kind of error caused by voxelization is easy to estimate if the resolutions of cubic frame
buffers are known. For example, if the cubic frame buffer resolution is R; x Ry X R3 and the

object space is of size X; x X5 X X3, then we can see that each voxel is of size ﬁ—ll X }B(z_j X ;f—;.
It is easy to see the maximal error of voxelization is half the size of a voxel. If we perform
local voxelization for every pair of intersecting subpatches, then global voxelization will not
cause any error. Here we can also see why local voxelization can improve the accuracy
dramatically. In local voxelization, because the size of the subpatches being voxelized are
very small, even with a low resolution, the voxel size is still very small.

Therefore the overall error caused by polygonalization and voxelization is the sum of the
errors caused by each of them. To make error of the final Boolean operation results less than

the given e everywhere, the test condition in eq. (7.5) has to be changed to the following

form:
{ Vd (u, v) ++/d (i, ) 2 €/2 (6.1)

size of each voxel €

where (4,9) and (u,v) is defined the same way as in eq. (7.5). The first equation in eq.
(6.1) ensures the patch (or subpatch) and its approximating polygon are both located inside
two quadrilaterals that are ¢/2 away. The second equation in eq. (6.1) ensures the error
caused by voxelization is not bigger than ¢/2. Hence the total error in the whole process is
guaranteed to be less than e.

6.6 Test Results

The proposed approach has been implemented in C++ using OpenGL as the supporting
graphics system on the Windows platform. Quite a few examples have been tested with the
method described here. All the examples have extra-ordinary vertices. Some of the tested
results are shown in Figures 6.2. The resolution of global voxelization is 512 x 512 x 512 for
all the test examples, and the error for all of them is set to 1073, The size of each example is
normalized to [0, 1] before voxelization and Boolean operations are performed. Resolutions
of the local voxelization process depend on error tolerance and the given meshes. Hence
resolution of local voxelization is different for each of the examples shown in Figures 6.2.
For example, resolution of local voxelization used for Figures 6.2(k) and 6.2(1) is 8 x 8 x 8§,
while for Figures 6.2(g), 6.2(h), 6.2(i) and 6.2(j) the resolution used for local voxelization is
32 x 32 x 32. Although resolutions used for local voxelization are different, the overall error is
the same in the final results. From eq. (6.1) we can see this difference is because intersecting
subpatches in Figures 6.2(g), 6.2(h), 6.2(i) and 6.2(j) have bigger size than Figures 6.2(k)
and 6.2(1).

In Figure 6.2, all the Difference and Intersection operations are performed on solids
positioned exactly the same as in the Union operation so that we can easily tell if results of
the Boolean operations are correct within the given error tolerance. For example, Figures






6.2(j) and 6.2(g) are results of Difference operation and Union operation, respectively, on
solids placed in the same positions. Similarly, Figures 6.2(i) corresponds to 6.2(h), 6.2(b)
corresponds to 6.2(a), 6.2(d) corresponds to 6.2(c), 6.2(f) corresponds to 6.2(e) and 6.2(1)
corresponds to 6.2(k).

6.7 Summary

A new method for performing robust and error controllable Boolean operations on free-form
solids represented with CCSSs is presented. The resulting solids after Boolean operations
are represented with a continuous geometric representation, that is, our results after Boolean
operations are one-piece representations of solid objects. They are represented with topo-
logically correct mesh structure. Test results show that this approach leads to good results
even for complicated solids with arbitrary topology.

The new method has several special properties: First, Boolean operations can be per-
formed on 2D parameter spaces on the basis of individual patches. There is no need to
take care of special cases or degenerated cases. Hence the method is robust. Second, al-
though voxelization is performed to facilitate Boolean operations, the result of a Boolean
operation in our method are still represented with a continuous geometric representation.
Hence our Boolean operation results can be scaled seamlessly and smoothly. Third, error
of Boolean operation results can be precisely estimated. According to the error estimation
formula, a secondary local voxelization can be performed for intersecting subpatches only.
Hence higher accuracy can be achieved. Finally, although the new method is presented for
CCSSs, the concept actually works for any subdivision scheme whose limit surfaces can be
parameterized.



Chapter 7

Adaptive Tessellation Techniques for
Catmull-Clark Subdivision Surfaces

Catmull-Clark subdivision scheme provides a powerful method for building smooth and com-
plex surfaces. But the number of faces in the uniformly refined meshes increases exponentially
with respect to subdivision depth. Adaptive tessellation reduces the number of faces needed
to yield a smooth approximation to the limit surface and, consequently, makes the rendering
process more efficient.

In this chapter, we present a new adaptive tessellation method for general Catmull-
Clark subdivision surfaces. The new adaptive tessellation method can be used to precisely
measure error caused by polygonal approximation. For example the error control in our
Boolean operation process presented in Chapter 5 employs this method. The new adaptive
tessellation method also can be used for significantly reducing face number of dense meshes
with accurate error estimation. As a result our one-piece representation obtained from either
interpolation (See Chapter 2) or performing Boolean operations (See Chapter 5), can be
substantially simplified using the new adaptive tessellation method.

Different from previous control mesh refinement based approaches, which generate ap-
proximate meshes that usually do not interpolate the limit surface, the new method is based
on direct evaluation of the limit surface to generate an inscribed polyhedron of the limit
surface. With explicit evaluation of general Catmull-Clark subdivision surfaces becoming
available, the new adaptive tessellation method can precisely measure error for every point
of the limit surface. Hence, it has complete control of the accuracy of the tessellation result.
Cracks are avoided by using a recursive color marking process to ensure that adjacent patches
or subpatches use the same limit surface points in the construction of the shared boundary.
The new method performs limit surface evaluation only at points that are needed for the
final rendering process. Therefore it is very fast and memory efficient. The new method
is presented for the general Catmull-Clark subdivision scheme. But it can be used for any
subdivision scheme that has an explicit evaluation method for its limit surface.

The structure of this chapter is arranged as follows: We give a brief introduction in the
Section 1. Some previous works related to this one is given in Section 2. A description of
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the basic idea of our adaptive tessellation technique is given in Section 3. The issue of crack
elimination is discussed in Section 4. Two settings of patch flatness are discussed in Section
5. Algorithms of our technique are presented in Section 6. Test results are shown in Section
7. The concluding remarks are given in Section 8.

7.1 Introduction

Subdivision based evaluation process of a subdivision surface relies on performing repeated
subdivision of the control mesh until the refined mesh is close enough to the limit surface
(within some given tolerance). It is then possible to push the control points (mesh vertices)
to their limit positions. But the number of faces in the uniformly refined meshes increases
exponentially with the recursive steps of subdivision. See Figure 1.9(b) for an example where
the control mesh of a Gargoyle is uniformly subdivided only twice and yet the resulting
mesh is already quite dense. Hence, a good method for reducing the number of faces in the
refined mesh while keeping the precision of the approximation is necessary. For instance, in
Figure 1.9(c), 1.9(d), and 1.9(e), the same model is adaptively subdivided 4, 3 and 2 times,
respectively. The resulting meshes have a higher or similar precision while the number of
facets in the resulting meshes is much less than the uniform case. Such a method is important
for both rendering and finite-element mesh generation. The criterion for rendering, however,
is different from the criterion for finite-element mesh generation. In the first case, the number
of sides of the mesh faces could be different while, in the second case, the mesh faces are
either all triangles or all quadrilaterals. Figure 1.9(f) shows a triangulated result of Figure
1.9(e).

Research work for reducing the number of faces in a mesh has been done in several
directions. Mesh simplification [34] is the most popular one over the past decade. It aims at
removing some of the overly sampled vertices in a mesh and produces approximate meshes
with various levels of detail. Another main method for reducing the number of faces in a
mesh, called adaptive tessellation, is to apply adaptive or local refinement schemes to areas
specified by a user or determined by an application. The resulting mesh should be crack-free
and have the same limit surface as the uniformly refined mesh.

There are two possible approaches for adaptive tessellation of subdivision surfaces. One
is a mesh refinement based approach. It approximates the limit surface by adaptively refining
the control mesh of the surface. The resulting mesh usually does not interpolate points of
the limit surface. The other one is a surface evaluation based approach. This approach
approximates the limit surface by generating an inscribed polyhedron of the limit surface,
with vertices of the polyhedron taken (evaluated) adaptively from the limit surface. The
mesh refinement based approach needs a subdivision scheme, such as the Catmull-Clark
method or the Doo-Sabin method, to refine the input mesh. Most methods proposed in
the literature for adaptive tessellation of subdivision surfaces belong to this category. The
second approach needs a parametrization/evaluation method for the limit surface. With the
availability of direct evaluation methods of subdivision surfaces recently [22, 23, 25, 63], the
second approach could be more appealing for adaptive tessellation of subdivision surface



because of its simplicity in nature. Currently there is only one paper published in this
category [125]. This paper works for parametrization that reproduces linear functions [44].
For more general parameterizations [22, 23, 25, 63|, it does not work well.

In this chapter we will present a surface evaluation based approach for adaptive tessel-
lation of subdivision surfaces. Our method is different from [125] in that our method works
with any parametrization method and has a precise error estimate. The new approach is pre-
sented for the general Catmull-Clark subdivision surfaces [1], but it can be easily extended
to work for any subdivision surface that has an exact evaluation method for its limit surface.

7.2 Previous Work

A number of adaptive tessellation methods for subdivision surfaces have been proposed
[45, 35, 36, 125, 40, 41]. Most of them are mesh refinement based, i.e., approximating the
limit surface by adaptively refining the control mesh. This approach requires the assignment
of a subdivision depth to each region of the surface first. In [45], a subdivision depth
is calculated for each patch of the given Catmull-Clark surface with respect to a given
error tolerance e. In [35], a subdivision depth is estimated for each vertex of the given
Catmull-Clark surface by considering factors such as curvature, visibility, membership to the
silhouette, and projected size of the patch. The approach used in [45] is error controllable.
An error controllable approach for Loop surface is proposed in [125], which calculates a
subdivision depth for each patch of a Loop surface by estimating the distance between two
bounding linear functions for each component of the 3D representation.

Several other adaptive tessellation schemes have been presented as well [41, 40, 36]. In
[36], two methods of adaptive tessellation for triangular meshes are proposed. The adaptive
tessellation process for each patch is based on angles between its normal and normals of
adjacent faces. A set of new error metrics tailored to the particular needs of surfaces with
sharp creases is introduced in [40)].

In addition to various adaptive tessellation schemes, there are also applications of these
techniques. D. Rose et al. used adaptive tessellation method to render terrain [43] and
K. Miiller et al. combined ray tracing with adaptive subdivision surfaces to generate some
realistic scenes [39]. Adaptive tessellation is such an important technique that an APT has
been designed for its general usage [42]. Actually hardware implementation of this technique
has been reported recently as well [38].

A problem with the mesh-refinement-based, adaptive tessellation techniques is the so
called gap-prevention requirement. Because the number of new vertices generated on each
boundary of the control mesh depends on the subdivision depth, gaps (or, cracks) could
occur between the control meshes of adjacent patches if these patches are assigned different
subdivision depths. Hence, each mesh-refinement-based adaptive tessellation method needs
some special mechanism to eliminate gaps. This is usually done by performing additional
subdivision or splitting steps on the patch with lower subdivision depth. As a result, many
unnecessary polygons are generated in the tessellation process. In this paper, we will adap-
tively tessellate a subdivision surface by taking points from the limit surface to form an



inscribed polyhedron of the limit surface, instead of refining the control mesh. Our method
simplifies the process of gap detecting and elimination. It does not need to perform extra or
unnecessary evaluations either.

7.3 Basic Idea

(a) Circumscribed (b) Inscribed

Figure 7.1: Inscribed and Circumscribed Approximation.

7.3.1 Inscribed Approximation

One way to approximate a curve (surface) is to use its control polygon (mesh) as the ap-
proximating polyline (polyhedron). For instance, in Figure 7.1(a), at the top are a cubic
Bézier curve and its control polygon. For a better approximation, we can refine the control
polygon using midpoint subdivision. The solid polyline at the bottom of Fig. 7.1(a) is the
approximating control polygon after one refinement. This method relies on performing it-
erative refinement of the control polygon or control mesh to approximate the limit curve or
surface. Because this method approximates the limit shape from control polygon or control
mesh “outside” the limit shape, we call this method circumscribed approzimation.

Another possible method is inscribed approzimation. Instead of approximating the limit
curve (surface) by performing subdivision on its control polygon (mesh), one can approximate
the limit curve (surface) by inscribed polygons (polyhedra) whose vertices are taken from the
limit curve (surface) directly. The easiest approach to get vertices of the inscribed polygons
(polyhedra) is to perform uniform midpoint subdivision on the parameter space and use
the evaluated vertices of the resulting subsegments (subpatches) as vertices of the inscribed
polylines (polyhedra). For instance, in Figure 7.1(b), at the top are a cubic Bézier curve
and its approximating polygon with vertices evaluated at parameter points 0, 1/2 and 1.
Similarly, the solid polygon at the bottom of Figure 7.1(b) is an approximating polygon
with vertices evaluated at five parameter points.



Because inscribed approximation uses points directly located on the limit curve or surface,
in most cases, it has faster convergent rate than the circumscribed approximation. As one
can see clearly from Fig. 7.1 that the inscribed polygon at the bottom of Fig. 7.1(b) is closer
to the limit curve than the circumscribed polygon shown at the bottom of Fig. 7.1(a) even
though the inscribed polygon actually has less segments than the circumscribed polygon.

Inscribed approximation requires explicit evaluation of a CCSS Patch. Several approaches
[22, 23, 25, 63] have been presented for exact evaluation of an extraordinary patch at any
parameter point (u, v). In our implementation, we follow the parametrization technique pre-
sented in [63], because this method is numerically stable, employs less eigen basis functions,
and can be used for the evaluation of 3D position and normal vector of any point in the limit
surface exactly and explicitly. Some most related results of [63] are presented in Chapter
2.

However, the problem with both Inscribed or circumscribed approximation approaches
is that, with uniform subdivision, no matter it is performed on the control mesh or the
parameter space, one would get unnecessarily small and dense polygons for surface patches
that are already flat enough and, consequently, slow down the rendering process. To speed
up the rendering process, a flat surface patch should not be tessellated as densely as a
surface patch with big curvature. The adaptive tessellation process of a surface patch should
be performed based on the flatness of the patch. This leads to our adaptive inscribed
approximation.

7.3.2 Adaptive Inscribed Approximation

For a patch of S(u,v) defined on u; < u < uy and v; < v < vy, we try to approximate
it with the quadrilateral formed by its four vertices Vi = S(uy,v1), Vo = S(ug,v1), V3 =
S(ug,v3) and V4 = S(uq,vz). If the distance (to be defined below) between the patch and
its corresponding quadrilateral is small enough (to be defined below), then the patch is
considered flat enough and will be (for now) replaced with the corresponding quadrilateral
in the tessellation process. Otherwise, we perform a midpoint subdivision on the parameter

space by setting

Uy + Us U1 + U2
and V12 =
2 2

to get four subpatches: [ug, u1a] X [v1,v12], [U12, Ua] X [v1, V12, [w12, ua] X [v12, V2], [u1, u12] X
[v12, V2], and repeat the flatness testing process on each of the subpatches. The process is
recursively repeated until the distance between all the subpatches and their corresponding
quadrilaterals are small enough. The vertices of the resulting subpatches are then used as
vertices of the inscribed polyhedron of the limit surface. For instance, if the four rectangles
in Figure 7.2(a) are the parameter spaces of four adjacent patches of S(u,v), and if the
rectangles shown in Figure 7.2(b) are the parameter spaces of the resulting subpatches when
the above flatness testing process stops, then the limit surface will be evaluated at the
points marked with small solid circles to form vertices of the inscribed polyhedron of the
limit surface.

U2 =
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Figure 7.2: Basic idea of the construction of an inscribed polyhedron.

In the above flatness testing process, to measure the difference between a patch (or
subpatch) and its corresponding quadrilateral, we need to parameterize the quadrilateral as
well. The quadrilateral can be parameterized as follows:

Vg —V , Uy — U U — Uy UV — U1, Uy — U

Q(u,v) = ( V; + V,) + ( V,+

Vg — V1 U2 — Uy U2 — Uy Vg — VU1 Uz — Uy Uo — U7

U — Uq

Vi) (7.1)

where u; < u < ug, v1 < v < vy. The difference between the patch (or subpatch) and the
corresponding quadrilateral at (u,v) is defined as

d(u,v) = | Qu,v) = S(u,v) I* = (Q(u,v) — S(u,v)) - (Qu,v) — S(u,v))"  (7.2)

where || - || is the second norm and AT is the transpose of A. The distance between the patch
(or subpatch) and the corresponding quadrilateral is the maximum of all the differences:

D = max{ \/d(u,v) | (u,v) € [u,us] X [v1,v2] }.

To measure the distance between a patch (or subpatch) and the corresponding quadrilateral,
we only need to measure the norms of all local minima and maxima of d(u,v). Note that
Q(u,v) and S(u, v) are both C'-continuous, and d(Vy), d(V3), d(V3) and d(V,) are equal to
0. Therefore, by Mean Value Theorem, the local minima and maxima must lie either inside
[u1, us] X [v1,v5] or on the four boundary curves. In other words, they must satisfy at least
one of the following three conditions:

dd(u,v) __ dd(u,v) dd(u,v)

ou 0 ov 0 adau =0
V=01 Or U =0y U = Uj O U = Uy %:0 (7.3)
w < u < Uy v < v < vy (u,v) € (uq,us) X (v1,vs)

For a patch (or subpatch) that is not adjacent to an extraordinary point (i.e., (uy,v1) #
(0,0)), m is fixed and known (m(u,v) = min{ [logéﬂ, Hog%ﬂ}). Hence Eq. (7.3) can
be solved explicitly. With the valid solutions, we can find the difference for each of them



using Eq. (7.2). Suppose the one with the biggest difference is (@, 0). Then (@, ) is also
the point with the biggest distance between the patch (or subpatch) and its corresponding
quadrilateral. We consider the patch (or subpatch) to be flat enough if

D=+d(a o) < e (7.4)

where € is a given error tolerance. In such a case, the patch (or subpatch) is replaced with
the corresponding quadrilateral in the tessellation process. If a patch (or subpatch) is not
flat enough yet, i.e., if Eq. (7.4) does not hold, we perform a midpoint subdivision on the
patch (or subpatch) to get four new subpatches and repeat the flatness testing process for
each of the new subpatches. This process is recursively repeated until all the subpatches
satisfy Eq. (7.4).

For a patch (or subpatch) that is adjacent to an extraordinary point (i.e. (ug,v;) = (0,0)
in Eq. (7.3)), m is not fixed and m tends to oo (see Figure 2.2). As a result, Eq. (7.3)
can not be solved explicitly. One way to resolve this problem is to use nonlinear numerical
method to solve these equations. But numerical approach cannot guarantee the error is less
than e everywhere. For precise error control, a better choice is needed. In the following, an
alternative method is given for that purpose.

Eq. (2.7) shows that S(u,v) and Q(u,v) both converge to S(0,0) when (u,v) — (0,0).
Hence, for any given error tolerance €, there exists an integer m, such that if m > m,, then the
distance between S(u,v) and S(0, 0) is smaller than ¢/2 for any (u,v) € [0,1/2™] x [0,1/2™],
and so is the distance between Q(u,v) and S(0,0). Consequently, when (u,v) € [0,1/2™] x
[0,1/2™], the distance between S(u,v) and Q(u,v) is smaller than e. The value of m,, in
most of the cases, is a relatively small number and can be explicitly calculated. In next
subsection, we will show how to calculate m,.

For other regions of the unit square with [log% us] < m < me (see Figure 2.2), eq.

(7.3) can be used directly to find the difference between S(u,v) and Q(u,v) for any fixed
m € (ﬂog% us], m¢). Therefore, by combining all these differences, we have the distance
between the given extra-ordinary patch (or subpatch) and the corresponding quadrilateral.
If this distance is smaller than €, we consider the given extra-ordinary patch (or subpatch) to
be flat, and use the distance quadrilateral to replace the extra-ordinary patch (or subpatch)
in the tessellation process. Otherwise, repeatedly subdivide the patch (or subpatch) and

perform flatness testing on the resulting subpatches until all the subpatches satisfy Eq.
(7.4).

7.3.3 Calculating m,

For a given € > 0, an integer k. will first be computed so that if k£ is bigger than k., then
the subpatch of S(u,v) with 0 < u,v < 1/2F is contained in a sphere with center S(0,0) and
diameter € (called an e-sphere). A subpatch is contained in an e-sphere if all points of the
subpatch are €¢/2 away from S(0, 0).

To find such k., we need a few properties from [63]. Recall that an extra-ordinary patch



S(u,v) can be expressed as
n+5

(u,v) E Qi (u,v) -

where @, ; are eigen basis functions defined in [63] and G is the vector of control points of
S. The eigen basis functions satisfy the scaling relation [22, 63], i.e

Dy, ; (u/2k, 1)/2’“) = /\;“I)b,j (u,v)

for any positive integer k, where A; are eigen values of the Catmull-Clark subdivision matrix
[63]. The eigen values are indexed so that

1:)‘n+1>)‘22)\i>0

where 0 < i < n+5 and i # n + 1. Also recall that ®,;(0,0) = 0 when j # n + 1, and
D ,11(u, v) is a constant vector, its value is independent of (u,v) [63]. Hence,

(cI)b,TH-l (U, U) - q)b,n-l-l(ula vl)) ’ GT =0

for any (u,v) and (u',v") where r € {x,y, 2z} and G, is the z-, y- or z-component of G.
Hence for any 1/2 <wu <1or 1/2 <wv <1, and for any k we have

S, (u/2%, v/2F) —S,(0,0)] = | Z"+5()\§(I>byj(u, v) — 9,;(0,0)) - G|

< Zj;én+1 )‘?‘((I)b,j (u,0) - G, < A Zj;én+1 (@5 (u, v) - G|

Similarly, the three conditions in Eq. (7.3) can be used to find the maxima of |(® ;(u, v)-G,|
for any j. Note that because here (u,v) ¢ [0,1/2] x [0,1/2], the corresponding m is equal to
1 (See figure 2.2). Hence we can easily find the maximum in its domain {(u,v)|1/2 < u <
1or 1/2 <wv < 1}. Let the maximum of |(®, ;(u,v)-G,| be F,; and F, = F,;. Then,
for any k£ > 0 we have

j#n+1

S, (u/2%,v/2%) —S,(0,0)] < \EF,
Therefore if (MASF,)? + (A5F,)? + (M5F,)% < (€/2)?, we have

| S(u/2%,v/2%) — S(0,0) ||< €/2.

If we define k. as follows

= |[lo
[logy, 3 Fﬂg+l?y2+F;1

then it is easy to see that when k > k., the subpatch S(u,v) with (u,v) € [0,1/2%] x [0, 1/2*]
is inside an e-sphere whose center is S(0, 0).

In addition, S(0,0) is a fixed point and has an explicit expression for any patch (see eq.
2.7), and Q(u,v) also has an explicit parametrization (See eq. (7.1)). Hence, similarly, by
using the method of Eq. (7.3), it is easy to find an integer 755, such that for any given € > 0,



when k > k., we have || Q(u,v) — S(0,0) ||< €/2, where (u,v) € [0,1/2¥] x [0,1/2%]. Once
we have k. and k., simply set m, as the maximum of k. and k..

me = max{k,, 756}

With this m,, it is easy to see that when m > m,, we have || S(u,v) — Q(u,v) ||< €, where
(u,v) € [0,1/2™] x [0,1/2™].

7.4 Crack Elimination

A1

Figure 7.3: Crack elimination.

Due to the fact that adjacent patches might be approximated by quadrilaterals corre-
sponding to subpatches from different levels of the midpoint subdivision process, cracks could
occur between adjacent patches. For instance, in Figure 7.3, the left patch A;A3A5Aq is
approximated by one quadrilateral but the right patch is approximated by 7 quadrilaterals.
Consider the boundary shared by the left patch and the right patch. On the left side, that
boundary is a line segment defined by two vertices : Ay and As. But on the right side,
the boundary is a polyline defined by four vertices : Ay, Cy4, By, and As. They would not
coincide unless C4 and By lie on the line segment defined by As and As. But that usually
is not the case. Hence, cracks would appear between the left patch and the right patch.

Fortunately Cracks can be eliminated simply by replacing each boundary of a patch or
subpatch with the one that contains all the evaluated points for that boundary. For exam-
ple, in Figure 7.3, all the dashed lines should be replaced with the corresponding polylines.
In particular, boundary AsAjs of patch A;A3AsAg should be replaced with the polyline
A,C B4A5. As a result, polygon A;A;A5A¢ is replaced with polygon A;A;CyBsA5A¢
in the tessellation process. For rendering purpose this is fine because graphics systems like
OpenGL can handle polygons with non-co-planar vertices and polygons with any number of
sides. However, it should be pointed out that through a simple zigzag technique, triangula-
tion of those polygons is actually a simple and very fast process.



A potential problem with this process is the new polygons generated by the crack elimina-
tion algorithm might not satisfy the flatness requirement. To ensure the flatness requirement
is satisfied everywhere when the above crack elimination method is used, we need to change
the test condition in Eq. (7.4) to the following one:

Vd (a, v) ++/d(a, v) <e (7.5)

where (4,9) and (u,v) are solutions of Eq. (7.3) and they satisfy the following conditions:

e Among all the solutions of Eq. (7.3) that are located on one side of Q(u,v), i.e.
solutions that satisfy (Q —S) - ((V1 — V3) x (Vo —Vy)) >0, d(a,d) is the biggest. If
there does not exist any solution such that this condition holds, then d(4, 9) is set to
0;

e Among all the solutions of Eq. (7.3) that are located on the other side of Q(u,v), i.e.
solutions that satisfy (Q —S) - (V1 — V3) x (Vo — Vy)) <0, d(u,v) is the biggest. If
there does not exist any solution such this condtion holds, then d(u,v) is set to 0.

From the definition of (@, 9) and (@, v), we can see that satisfying Eq. (7.5) means that the
patch being tested is located between two quadrilaterals that are e away.

Note that all the evaluated points lie on the limit surface. Hence, for instance, in Fig. 7.3,
points A,, C4, B4 and Ay of patch A;A3A4 A5 are also points of patch A;A;AsAq. With
the new test condition in Eq. (7.5), we know that a patch or subpatch is flat enough if it is
located between two quadrilaterals that are e away. Because boundary points Ay, Cy4, B4 and
Aj are on the limit surface, they must be located between two quadrilaterals that are e away.
So is the polygon A;A,CyB4A5As. Now the patch (or subpatch) and its approximating
polygon are both located inside two quadrilaterals that are e away. Hence the overall error
between the patch (or subpatch) and its approximating polygon is guaranteed to be smaller
than e.

In previous methods for adaptive tessellation of subdivision surfaces [45, 35, 36, 40], the
most difficult part is crack prevention. Yet in our method, this part becomes the simplest
part to handle and implement. The resulting surface is error controllable and guaranteed to
be crack free.

7.5 Degree of Flatness

Just like numerical errors have two different settings, the flatness of a patch, which can be
viewed as a numerical error from the approximation point of view, has two different aspects
as well, depending on if the flatness is considered in the absolute sense or relative sense.
The flatness of a patch is called the absolute flatness (AF) if the patch is not transformed in
any way. In that case, the value of € in Eq. (7.4) and (7.5) is set to whatever precision the
flatness of the patch is supposed to meet. AF should be considered for operations that work
on physical size of an object such as machining or prototyping.



For operations that do not work on the physical size of an object, such as the rendering
process, we need a flatness that does not depends on the physical size of a patch. Such a
flatness must be Affine transformation invariant to be a constant for any transformed version
of the patch. Such a flatness is called the relative flatness of the patch. More specifically, if
Q is the corresponding quadrilateral of patch S, the relative flatness (RF) of S with respect

to Q is defined as follows:
d

maX{Dl, DQ}

where d is the maximal distance from S to Q, and D;, D, are lengths of the diagonal lines
of Q. It is easy to see that RF defined this way is Affine transformation invariant. Note that
when D; and D, are fixed, smaller RE means smaller d. Hence, RE indeed measures the
flatness of a patch. The difference between RF and AF is that RF measures the flatness of a
patch in a global sense while AF measures flatness of a patch in a local sense. Therefore, RF
is more suitable for operations that have data sets of various sizes but with a constant size
display area such as the rendering process. Using RF is also good for adaptive tessellation
process because it has the advantage of keeping the number of polygons low in the tessellation
process.

RF =

7.6 Algorithms of Adaptive Tessellation

In this section, we discuss the important steps of the adaptive tessellation process and present,
the corresponding algorithms.

7.6.1 Global Index ID

Currently, all the subdivision surface parametrization and evaluation techniques are patch
based [22, 25, 63]. Hence, no matter which method is used in the adaptive tessellation process,
a patch cannot see vertices evaluated by other patches from its own (local) structure even
though the vertices are on its own boundary. For example, in Figure 7.3, vertices C4 and By,
are on the shared boundary of patches A;A3A5Ag and Ay A3A A5, But patch A{AsA5Ag
can not see these vertices from its own structure because these vertices are not evaluated by
this patch. To make adjacent patches visible to each other and to make subsequent crack
elimination work easier, one should assign a global index ID to each evaluated vertex so that

e all the evaluated vertices with the same 3D position have the same index ID;

e the index ID’s are sorted in v and then in w, i.e., if (u;, v;) > (u;,v;), then ID; > 1D,
unless I D; or ID; has been used in previous patch evaluation.

With a global index I D, it is easy to do crack prevention even with a patch based approach.
Actually, subsequent processing can all be done with a patch based approach and still per-
formed efficiently. For example, in Figure 7.3, patch A;A5;A5Ag can see both C4 and By
even though they are not evaluated by this patch. In the subsequent rendering process, the



patch simply output all the marked vertices (to be defined below) on its boundary that it
can see to form a polygon for the rendering purpose, i.e., A{A,C4BsA5Ag.

7.6.2 Adaptive Marking

The purpose of adaptive marking is to mark those points in uv space where the limit surface
should be evaluated. With the help of the global index I D, this step can be done on an
individual patch basis. Initially, all (u,v) points are marked white. If surface evaluation
should be performed at a point and the resulting vertex is needed in the tessellation process,
then that point is marked in black. This process can be easily implemented as a recursive
function. A pseudo code for this step is given below.

AdaptiveMarking(P, uq, us, vy, vg)

1. Evaluate(P, uy, uq, vy, vs),

2. AssignGloballD (P, uy, ug, vy, v3),

3. if (FlatEnough(P, uy, ug, vy, v3))

4. MarkBlack(P, uq, ug, v1, va)

5. else

6. u1g = (u1 + ug)/2

7. v12 = (v1 + v2)/2

8. AdaptiveMarking(P, wuq, w12, v1, v12)
9. AdaptiveMarking(P, wuq2, ug, v1, v12)
10. AdaptiveMarking(P, w2, ug, v1a, vs)
11. AdaptiveMarking(P, uy, u1a, v1a, vs)

This routine adaptively marks points in the parameter space of patch P. Function
‘Evaluate’ evaluates limit surface at the four corners of patch or subpatch P defined on
[u1, us] X [v1,v2]. Function ‘FlatEnough’ uses the method given in section 7.3 and Eq. (7.4)
to tell if a patch or subpatch is flat enough. Function ‘MarkBlack’ marks the four corners of
patch or subpatch P defined on [u, us] X [v1,v9] in black. All the marked corner points will
be used in the tessellation process.

7.6.3 Adaptive Rendering a Single Patch

The purpose of this step is to render the limit surface with as few polygons as possible,
while preventing the occurrence of any cracks. Note that the limit surface will be evaluated
only at the points marked in black, and the resulting vertices are the only vertices that will
be used in the rendering process. To avoid cracks, each marked points must be rendered
properly. Hence special care must be taken on adjacent patches or subpatches. With the
help of adaptive marking, this process can easily be implemented as a recursive function as
well. A pseudo code for this step is given below.
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Figure 7.4: Adaptive rendering on surfaces with arbitrary topology.
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Figure 7.5: Adaptive rendering on surfaces with arbitrary topology (Continued).



AdaptiveRendering(P, uq, ug, v1, va)

1. if (NoMarkedPointInside(P, u, us, v1, v2))
2 RenderPolygon (P, uy, us, v1, v)

3. else

4. u12 = (u1 + ug)/2

5. v12 = (v1 + v2)/2

6 AdaptiveRendering(P, uy, u1a, v1, v12)
7 AdaptiveRendering(P, w12, us, v1, v12)
8 AdaptiveRendering(P, w19, us, v12, va)
9 AdaptiveRendering(P, w1, u12, v12, v2)

This routine adaptively renders marked points in patch or subpatch P. Function ‘No-
MarkedPointInside’ tests if none of the points inside [u, us)| X [v1, v2], excluding the boundary
points, are marked. If all the interior points are in white (i.e. not marked), it returns TRUE.
Function ‘RenderPolygon’ is defined as follows.

RenderPolygon (P, uy, ug, v1, va)
glBegin(RenderModel)
Output all the marked points between

1
2
3.
4.
b}
6
7

7.6.4 Adaptive Rendering a CCSS

The overall algorithm for rendering a general CCSS is given below. The algorithm takes the
control mesh of the surface as input.

CCSSAdaptiveRendering(Mesh M)
1. for each face P in M

2. AdaptiveMarking(P,0,1,0,1)
3. for each face P in M

4 AdaptiveRendering(P,0,1,0,1)

7.7 Implementation and Test Results

The proposed approach has been implemented in C++ using OpenGL as the supporting
graphics system on the Windows platform. Quite a few examples have been tested with the



method described here. Some of the tested results are shown in Figures 1.9, 7.4 and 7.5. We
also summarize those tested results in Table 7.1. The column underneath A|U|T in Table
7.1 indicates the type of tessellation technique (Adaptive, Uniform or Triangulated after
adaptive tessellation) used in the rendering process. For instance, Fig. 1.9(b) is generated
using uniform subdivision, while Figs. 1.9(c), 1.9(d), 1.9(e) are tessellated with the adaptive
technique presented in this paper, and Fig. 1.9(f) is the triangulated result of Fig. 1.9(e).
Also Fig. 7.4(e) and Fig. 7.5(f) are the triangulated results of Fig. 7.4(d) and Fig. 7.5(e),
respectively. The term A /U ratio means the ratio of number of polygons in an adaptively
tessellated CCSS to its counter part in a uniformly tessellated CCSS with the same accuracy.
The term Depth means the number of iterative uniform subdivisions that have to be per-
formed on the control mesh of a CCSS to satisfy the error requirement. From Table 7.1 we
can see that all the adaptively tessellated CCSS’s have relatively low A /U ratios. This shows
the proposed method can indeed significantly reduce the number of faces in the resulting
mesh while satisfying the given error requirement.

The ‘Error’ column in Table 7.1 represents absolute error. We can easily see that, for
the same model, the smaller the error, the lower the A/U ratio. For example, Fig. 7.4(b)
has lower A/U ratio than Fig. 7.4(c) and Fig. 7.4(d) because the former has smaller
error tolerance than the last two. However, for the same model, if the difference of two
error tolerances is not big enough, the resulting adaptive tessellation would have the same
subdivision depth (see information on Figs. 7.4(g) and 7.4(h) or Figs. 7.5(b) and 7.5(c) in
Table 7.1). As a result, the one with smaller error tolerance would have higher A /U ratio,
because the corresponding uniformly subdivided meshes are the same. Another interesting
fact is that Fig. 7.5(a) uses much more polygons than Fig. 7.5(b) does, while the former
is less accurate than the latter. This shows the presented adaptive tessellation method is
capable of providing a higher accuracy with less polygons.

From Table 7.1 we can easily see that for different models the absolute errors differ
very much. Therefore, for different models, comparing their absolute errors might not make
any practical sense because absolute error is not affine transformation invariant. In the
mean while, from Table 7.1, we can see that RF is a much better and more understandable
measurement for users to specify the error requirement in the adaptive tessellation process.

From Table 7.1, we can also see that triangulated tessellations usually have higher A/U
ratio, because triangulation increases the number of polygons by at lease 2 times. Hence
triangulation will slow down the rendering process while it does not improve accuracy. From
the view point of rendering, triangulation is not really necessary. But for some special
applications, such as Finite Element Analysis, triangulation is indispensable. As mentioned
above, performing triangulation on the resulting mesh of our adaptive tessellation process is
straightforward and fast.

The proposed adaptive tessellation method is good for models that have large flat or
nearly flat regions in its limit surface and would save significant amount of time in the final
rendering process, but may not have low A/U ratios when it is applied to surfaces with
extraordinary curvature distribution or surfaces with very dense control meshes. One main
disadvantage of all the current adaptive tessellation methods (including the method proposed



here) is that they only eliminate polygons inside a patch. They do not take the whole surface
into consideration. For instance, all the flat sides of the rocker arm model in Fig. 7.5 are
already flat enough, yet a lot of polygons are still generated there.

7.8 Summary

A surface-evaluation-based adaptive tessellation method for general Catmull-Clark subdivi-
sion surfaces is presented. The new method only evaluates those limit surface points that
are needed in the final rendering process. On the other hand, while previous methods use
a significant amount of effort to prevent the occurrence of cracks between adjacent patches,
it takes almost no effort for the new method to eliminate cracks in the resulting inscribed
polyhedron of the limit surface. Hence the new method is both computation efficient and
memory efficient.

The new inscribed approximation based adaptive tessellation method can be used to
measure error caused by polygonal approximation. It also can be used for substantially
reducing face number of dense meshes with precise error estimation.



Table 7.1: Experiment data of Figs. 1.9, 7.4 and 7.5

Figure Object A|U|T | polygons | A/U Ratio | Depth | Error RF
Fig. 1.9(b) | Gargoyle U 16384 100.00% 2 0.0055 | 12%
Fig. 1.9(c) | Gargoyle A 14311 5.46% 4 0.0030 | 6%
Fig. 1.9(d) | Gargoyle A 5224 7.97% 3 0.0045 | 9%
Fig. 1.9(e) | Gargoyle A 2500 15.26% 2 0.0055 | 12%
Fig. 1.9(f) | Gargoyle T 6139 37.47% 2 0.0055 | 12%
Fig. 7.4(a) | Bunny U 65536 100.00% 3 0.0008 3%
Fig. 7.4(b) | Bunny A 32894 12.55% 4 0.0001 1%
Fig. 7.4(c) | Bunny A 181 | 14.01% | 3 |0.0008 | 3%
Fig. 7.4(d) | Bunny A 3412 20.82% 2 0.0010 5%
Fig. 7.4(e) | Bunny T 7697 46.98% 2 0.0010 5%
Fig. 7.4(f) | Venus U 65536 100.00% 2 0.00095 | 8%
Fig. 7.4(g) | Venus A 29830 2.84% 4 0.00015 | 3%
Fig. 7.4(h) | Venus A 21841 2.08% 4 0.00035 | 4%
Fig. 7.4(i) | Venus A 9763 3.72% 3 0.00060 | 6%
Fig. 7.4(j) | Venus A 6178 9.43% 2 0.00095 | 8%
Fig. 7.5(a) | Rockerarm | U 90624 100.00% 4 1.2 3%
Fig. 7.5(b) | Rockerarm A 36045 9.94% 5 0.85 1%
Fig. 7.5(c) | Rockerarm A 10950 3.02% 5 1.0 2%
Fig. 7.5(d) | Rockerarm A 5787 6.39% 4 1.2 3%
Fig. 7.5(e) | Rockerarm A 2901 12.80% 3 1.5 5%
Fig. 7.5(f) | Rockerarm | T 6917 30.53% 3 1.5 5%
Fig. 7.5(g) | Beethoven U 65536 100.00% 2 0.041 10%
Fig. 7.5(h) | Beethoven A 20893 1.99% 4 0.006 4%
Fig. 7.5(1) | Beethoven A 15622 1.48% 4 0.026 6%
Fig. 7.5(j) | Beethoven A 7741 2.95% 3 0.035 8%
Fig. 7.5(k) | Beethoven A 5230 7.99% 2 0.041 10%
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